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Abstract

In this work, we analyze a one-dimensional steady-state Poisson-Nernst-Planck
type model for ionic flow through a membrane channel with fixed boundary ion
concentrations (charges) and electric potentials. We consider two ion species,
one positively charged and one negatively charged, and assume zero permanent
charge. A local hard-sphere potential that depends pointwise on ion concentra-
tions is included in the model to account for ion size effects on the ionic flow. The
model problem is treated as a boundary value problem of a singularly perturbed
differential system. Our analysis is based on the geometric singular perturba-
tion theory but, most importantly, on specific structures of this concrete model.
The existence of solutions to the boundary value problem for small ion sizes is
established and, treating the ion sizes as small parameters, we also derive an
approximation of the I-V (current-voltage) relation and identify two critical po-
tentials or voltages for ion size effects. Under electroneutrality (zero net charge)
boundary conditions, each of these two critical potentials separates the poten-
tial into two regions over which the ion size effects are qualitatively opposite to
each other. On the other hand, without electroneutrality boundary conditions,
the qualitative effects of ion sizes will depend not only on the critical potentials
but also on boundary concentrations. Important scaling laws of I-V relations
and critical potentials in boundary concentrations are obtained. Similar results
about ion size effects on the flow of matter are also discussed. Under electroneu-
trality boundary conditions, the results on the first order approximation in ion
diameters of solutions, I-V relations and critical potentials agree with those with
a nonlocal hard-sphere potential examined by Ji and Liu [J. Dynam. Differential
FEquations 24 (2012), 955-983].
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1 Introduction

In this work, we study the dynamics of ionic flow, the electrodiffusion of charges,
through ion channels via a one-dimensional steady-state Poisson-Nernst-Planck (PNP)
type system. The classical PNP includes only the ideal component of the electro-
chemical potential, and hence, treats ions essentially as point-charges. The PNP type
model studied in this paper includes an additional component, a hard-sphere (HS)
potential, to account for ion size effects (see §2.2 for details). We are particularly
interested in ion size effects on the I-V relation.

PNP system is a basic macroscopic model for electrodiffusion of charges through
ion channels ([11, 14, 16, 17, 18, 19, 20, 27, 28, 32, 39, 40, 58, 60, 68, 69, 70], etc.).
Under various reasonable conditions, it can be derived from the more fundamental
models of the Langevin-Poisson system (see, for example, [2, 7, 8, 12, 28, 40, 56, 59,
68, 69, 74, 79]) and the Maxwell-Boltzmann equations (see, for example, [3, 39, 40, 68,
79]), and from the energy variational analysis EnVarA ([21, 35, 36, 37, 38, 49, 50]).

The simplest PNP system is the classical Poisson-Nernst-Planck (cPNP) system.
It has been simulated ([9, 10, 11, 13, 15, 27, 28, 31, 33, 34, 40, 41, 42, 48, 57, 73, 83, 84])
and analyzed ([1, 4, 5, 22, 25, 51, 52, 55, 61, 71, 72, 75, 76, 77, 78, 82]) to a great extent.
As mentioned above, a major weak point of the cPNP is that it treats ions as point-
charges, which is reasonable only in near infinite dilute situation. Many extremely
important properties of ion channels, such as selectivity, rely on ion sizes critically.
For example, Na® (sodium) and KT (potassium), having the same valence (number
of charges per particle), are mainly different by their ionic sizes. It is the difference in
their ionic sizes that allows certain channels to prefer Na™ over K™ and some channels
to prefer KT over Na™. In order to study the ion size effects on ionic flows, one has
to take into consideration of ion specific components of the electrochemical potential
in the PNP models. Including hard-sphere potentials of the excess electrochemical
potential is a first step toward a better modeling and is necessary to account for ion
size effects in the physiology of ion flows. There are two types of models for hard-
sphere potentials, local and nonlocal. Local models for hard-sphere potentials depend
pointwise on ion concentrations, such as the model (2.6) used in this paper, while
nonlocal models are proposed as functionals of ion concentrations (see, e.g., (5.9) in
Appendix from which the local model (2.6) is derived). The PNP type models with
ion sizes have been investigated computationally for ion channels and have shown
great success ([21, 35, 36, 37, 38, 26, 28, 30, 47, 85], etc.). Existence and uniqueness
of minimizers and saddle points of the free-energy equilibrium formulation with ionic
interaction have been mathematically analyzed (see, for example, [23, 49, 50]).

In a recent paper ([43]), the authors provided an analytical treatment of a one-
dimensional version of PNP type system. They studied the case where two oppositely
charged ions are involved with electroneutrality (zero net charge) boundary conditions,
the permanent charge can be ignored and a nonlocal hard-sphere potential of the
excess component is included in addition to the ideal component. They treated
the model as a singularly perturbed system and rigorously established the existence
and uniqueness results of the boundary value problem for small ion sizes. Treating
ion sizes as small parameters, they derived an approximation of the I-V relation.
Most importantly, the approximate I-V relation allows them to establish the following
results.



(i) There is a critical potential or voltage V. so that, if the boundary potential
V satisfies V' > V., then ion sizes enhance the current I in the sense that the
contribution of ion sizes to the current I is positive; if V' < V., then ion sizes
reduce the current I.

(ii) There is another critical potential V¢ so that, if V' > V¢ then the current I
increases in A = da/d; where d; and dg are, respectively, the diameters of the

positively and negatively charged ions; if V' < V¢ then the current I decreases
in .

In [54], among other things, the authors designed an algorithm for numerically
detecting these critical potentials without using any analytical formulas for I-V re-
lations. They demonstrated the effectiveness of this algorithm by conducting two
numerical tasks. In the first one, the authors took the model problem with the same
setting as in [43] for which analytical formulas for V. and V¢ are available. The au-
thors numerically computed I-V relations and, applying the algorithm, computed the
critical potentials V, and V¢. They found that the computed values V. and V¢ agree
well with the values obtained from the analytical formulas. For the second numerical
task, the authors examined a PNP type model that includes also a nonzero perma-
nent charge (). For this case, no analytical formulas for the I-V relations and for the
critical potentials are currently available. But the authors were able to numerically
identify the critical potentials by applying their algorithm.

In this paper, we study a one-dimensional version of PNP type system with a
local model for the hard-sphere (HS) potential. The problem has basically the same
setting as that in [43] except that we take a local model for the hard-sphere potential
and allow non-electroneutrality boundary conditions. One of earliest local models for
hard-sphere potentials was proposed by Bikerman ([6]), which contains ion size effect
of mixtures but is not ion specific (i.e., the hard-sphere potential is assumed to be the
same for different ion species). Local models have evolved through several stages and
become very reliable; for example, the Boublik-Mansoori-Carnahan-Starling-Leland
local model is ion specific and has been shown to be accurate ([66, 67], etc.). It is clear
that local models have the advantage of simplicity relative to nonlocal ones. In this
paper, we take a local hard-sphere model derived from the nonlocal model used in [43]
for two reasons: to provide a mathematical framework for the study of the problem
with local hard-sphere models; to compare the results for the local hard-sphere model
with those for the nonlocal hard-sphere model in [43].

Under electroneutrality boundary conditions, we will show that the local hard-
sphere model yields exactly the same results on the first order approximation (in the
diameters of the ion species) I-V relation and the critical potentials V. and V¢ as
those of the nonlocal hard-sphere model in [43]. This is perhaps well expected. To
the contrary, in the absence of electroneutrality, it is rather surprising that the roles
of critical potentials V. and V¢ on ion size effects are significantly different: the op-
posite effects of ion sizes separated by V. and V¢ described in (i) and (ii) above now
depend on other quantities in terms of boundary concentrations (Theorems 4.5 and
4.6 and Proposition 4.8). Many important biological properties of ion channels are
controlled through the boundary conditions. Our results provide a concrete situation
for which the important I-V relations of ion channels can depend on boundary condi-
tions sensitively. An observation based on the I-V relation also reveals the following



scaling laws (Theorem 4.14):

(a) the contribution Iy to the I-V relation from the ideal component scales linearly
in boundary concentrations (that is, if one scales the boundary concentrations
by a factor s, then I is scaled by s);

(b) the contribution (up to the leading order) to the I-V relation from the hard-
sphere component scales quadratically in boundary concentrations;

(c) both V, and V¢ scale invariantly in boundary concentrations.

Results on ion size effects to the flow of matter in Section 4.2 again indicate the
richness of ion size effects on the electrodiffusion process.

The general framework for the analysis is the geometric singular perturbation
theory—essentially the same as that for the nonlocal hard-sphere potential in [43]. A
major difference is that the nonlocal hard-sphere potentials disappear in the limiting
fast system but the local ones survive in this limit, and hence, more is involved in
the treatment of the limiting fast dynamics for the local hard-sphere potential case.
On the other hand, for the local hard-sphere potential case, we need not introduce
an auxiliary problem as that for nonlocal case in [43]. A crucial ingredient for the
success of our analysis is again the revealing of a set of integrals that allows us to
handle the limiting fast dynamics with details as for the classical PNP cases.

The rest of this paper is organized as follows. In Section 2, we describe the one-
dimensional PNP-HS model for ion flows, a local model for hard-sphere potentials,
and the setup of the boundary value problem of the singularly perturbed PNP-HS
system. In Section 3, the existence and (local) uniqueness result for the boundary
value problem is established in the framework of the geometric singular perturbation
theory. Section 4 contains two parts. In Section 4.1, we derive an approximation of
the I-V relation based on the analysis in Section 3, identify three critical potentials,
and examine significant roles of two of the critical potentials for ion size effects on
ionic flows. Important scaling laws of I-V relations and critical potentials in boundary
concentrations are obtained. In Section 4.2, we discuss ion size effects on the flow
of matter. This is presented briefly due to a simple relation between the flow rate
of charge and the flow rate of matter. A derivation of the local hard-sphere poten-
tial used in the work from the exact one-dimensional nonlocal model used in [43] is
provided in Section 5 (the appendix).

2 Problem Setup

2.1 A one-dimensional PNP type system

We assume the channel is narrow so that it can be effectively viewed as a one-
dimensional channel and normalize it as the interval [0, 1] that connects the interior
and the exterior of the channel. A natural one-dimensional (time-evolution) PNP



type model for ion flows of n ion species is (see [53, 57])

19 < o -
—_— er(m)soh(x)> =—e Z zjc; + Q) |
h(z) 0z Oz j=1 (2.1)
oci 1 0% o 1 Opi
E + m or 0, Ji = kTDz(x)h(x)Cz oz’ 1=1,2, T

where e is the elementary charge, k is the Boltzmann constant, T" is the absolute
temperature; ® is the electric potential, @Q(x) is the permanent charge of the channel,
er(z) is the relative dielectric coefficient, g is the vacuum permittivity; h(z) is the
area of the cross-section of the channel over the point x; for the ith ion species, ¢;
is the concentration, z; is the valence (the number of charges per particle), p; is the
electrochemical potential, 7; is the flux density, and D;(z) is the diffusion coefficient.
The boundary conditions are, for i =1,2,--- ,n,

O(t,0) =V, c(t,0)=1L; >0; ®(t,1)=0, c(t,1)=R; > 0. (2.2)

For ion channels, an important characteristic is the so-called I-V relation (current-
voltage relation). For a solution of the steady-state boundary value problem of (2.1)
and (2.2), the rate of flow of charge through a cross-section or current I is

=Y 2J; (2.3)
j=1

For fixed boundary concentrations L;’s and R;’s, J;’s depend on V' only and formula
(2.3) provides a relation of the current Z on the voltage V. This relation is the I-V
relation. We will also examine ion size effects on the flow rate of matter through a
cross-section, T, given by

T = zn: J;. (2.4)
j=1

2.2 Excess potential and a local hard sphere model

The electrochemical potential y;(x) for the ith ion species consists of the ideal com-
ponent £24(x), the excess component ;$%(x) and the concentration-independent com-
ponent p?(x) (e.g. a hard-well potential):

pi(x) = g () + pi (@) + ps* ()

where
ci()
Co

pi(x) = ze®(z) + kT In (2.5)
with some characteristic number density cg. The classical PNP system takes into
consideration of the ideal component i%(z) only. This component reflects the collision
between ion particles and the water molecules. It has been accepted that the classical
PNP system is a reasonable model in, for example, the dilute case under which the
ion particles can be treated as point particles and the ion-to-ion interaction can be



more or less ignored. The excess chemical potential % (z) accounts for the finite size
effect of charges (see, e.g., [65, 66]).
In this paper, we will take the following local hard-sphere model for p$*(z)

di Z?:l cj()
- Z?:l djcj(x)’
where d; is the diameter of the jth ion species. As mentioned in the introduction, this

local model is an approximation of the well-known nonlocal model for hard-sphere
(hard-rod) used in [43]. Its derivation is provided in Appendix (Section 5).

1 n
k—TALiLHS($) =—In[1- E dijcj(z) | + ; (2.6)
s

2.3 The steady-state boundary value problem and assumptions

The main goal of this paper is to examine the qualitative effect of ion sizes via the
steady-state boundary value problem of (2.1) and (2.2) with the local hard-sphere
(LHS) model (2.6) for the excess potential. We will examine the steady-state bound-
ary value problem in Section 3. In Section 4, we will obtain approximations for (2.3)
and (2.4) to study ion size effects on the I-V relation and on the flow rate 7.

For definiteness, we will take essentially the same setting as that in [43] but with-
out assuming electroneutrality boundary conditions: z1L1 + 20l = 21 Ry + 20 Ro = 0;
that is,

(A1). We consider two ion species (n = 2) with z; > 0 and 2 < 0.
(A2). The permanent charge is set to be zero: Q(x) = 0.

(A3). For the electrochemical potential j;, in addition to the ideal component uﬁd, we
also include the local hard-sphere potential x5 in (2.6).
(A4). The relative dielectric coefficient and the diffusion coefficient are constants, that
is, er(z) = &, and D;(x) = D;.
In the sequel, we will assume (A1)-(A4). Under the assumptions (A1)—-(A4), the
steady-state system of (2.1) is

1 d
) <Er(x)50h($)dx> = —e(z101 + 2202)
47 1 dpsi
dw =0 TS ppPieh@egs

We now make the dimensionless re-scaling in (2.7),

(2.7)

i=1,2.

p=0, V=Ltv 2T T

KT kT © e? D;’
Using the expression (2.5) for the ideal component ,u;’:d(a:), we have, for i = 1,2,

T dpi | 1 dp
J; = 52_—ﬁ}1(:z:)cZ . —Fﬁh(m)cZ I

e dd de;  h(z)e; duFHs
_ﬁzlh(x)cl + h(:n)@ T do
do

. .7, LHS
Ceih(2)e 2 4 (GG M) du T

dx dz kT dz

; JZ

dzx




Note also that,
AP e dd et KT dd 5 do
"Cr T " kT dx KT e dv  dx’

Therefore, the boundary value problem (2.7) and (2.2) becomes

2

h(x) dz dx dv ~ dx

dey d  h(x)er d rys, (2.8)
h(x)a + zlh(x)q% + T %,ul (x) = —J1,

des dp W)z d s, \
W)y + 2@y + =g e (@) = =,

with the boundary conditions, for i = 1,2,
¢(0) =V, ci(0) =L; > 0; ¢(1) =0, ¢i(1) = R; > 0. (2.9)
It follows directly from (2.6) for the local hard-sphere potential =9 that

1 d LHS :d1(2 + dl(CQ — Cl) - 2d262)@ d1 + d2 — d%cl — d%CQ@

ﬁ%“l (1 - d101 — dQCQ)Q dzx (1 — d161 — d202)2 dx ’ (2 10)
ii LHS _dl—i-dg—d%Cl —d%CQ@ d2(2+d2(01 —Cg)—?dlcl)@ .
kT dz™? T (1—dici — daca)?  dz (1 —dic1 — doe2)? da
Substituting (2.10) into system (2.8), we obtain
e2 d d dJi dJy
——— | h(z)—0 | = — — —=—=0
h(x) dz < (z) dw¢> T ’
deq do 1
—_— == sdy,dy)— — —— Ji, Joydq, d 2.11
do fi(er, eo5dy, Q)dx h(x)gl(chc% 1, J2;d1, da), ( )
dca do 1
— = idy,do)— — —— Ji, Josdy, d
. fa(er, eo5dy, 2)d$ h(m)92(61’62’ 1, J2; dy1, d2)
where
filer,eoidy, do) =z101 — (di + do — dicy — d3eo) (2101 + 2202) 1
— z1(dy — do)c3,
fg(Cl, co;dq, dz) = — 29C9 + (d1 +dy — d%cl — d%c2)(2161 + 2262)02
+ 22(do — di)c3, (2.12)
gi(cr, e, i, Jaydi, do) = ((1 — dicy)? + dseiea) Jy .
— Cl(dl +dy — d%cl — d%CQ>J2,
g2(c1,¢2, J1, Jasdi, da) = ((1 — daco)? + dicica) Ja
— CQ(dl +dy — d%cl - d%CQ)J]_.
Recall the boundary conditions are
#(0) =V, ¢;(0)=L; >0; ¢(1) =0, ¢;(1) = R; > 0. (2.13)



3 Geometric singular perturbation theory for (2.11)—(2.13)

We will rewrite system (2.11) into a standard form for singularly perturbed systems
and convert the boundary value problem (2.11) and (2.13) to a connecting problem.

Denote the derivative with respect to x by overdot and introduce u = aé and
T = x. System (2.11) becomes

. h,
EQ =u, EU= —2z1C] — Z2C3 —€E h((:))u,

. €
eé1 = — fi(er, ea;dy, do)u — ng(chc% Ji, Ja;di, da), (3.1)
eéa =fa(c1, c5dy, do)u — %92(61762, Ji, Jo; dy, da)

Ji=J,=0, 7=1.

System (3.1) will be treated as a singularly perturbed system with ¢ as the singular
parameter. Its phase space is R7 with state variables (¢,u, c1, c2, J1, Ja, 7). We have
included constants J; and Js in the phase space. A reason for this is explained in the
paragraph below that of display (3.3).

For € > 0, the rescaling x = £ of the independent variable x gives rise to

hr
¢ =u, U =—zc1 —zcy—¢ h((:)) u,
€
¢t =— filer, cosdy, do)u — mm(cl,cm J1, a5 dy, da), (3.2)

9

7T g2(c1, ¢, Ji, Jo; di, da),

dy =fa(c1, co;dy, do)u —
J=Jy=0, 7=¢

where prime denotes the derivative with respect to the variable &.

For ¢ > 0, systems (3.1) and (3.2) have exactly the same phase portrait. But
their limiting systems at ¢ = 0 are different. The limiting system of (3.1) is called
the limiting slow system, whose orbits are called slow orbits or regular layers. The
limiting system of (3.2) is the limiting fast system, whose orbits are called fast orbits
or singular (boundary and/or internal) layers. By a singular orbit of system (3.1)
or (3.2), we mean a continuous and piecewise smooth curve in R” that is a union of
finitely many slow and fast orbits. Very often, limiting slow and fast systems provide
complementary information on state variables. Therefore, the main task of singularly
perturbed problems is to patch the limiting information together to form a solution
for the entire € > 0 system.

Let By, and Bp be the subsets of the phase space R” defined by

By, ={(V,u, L1, Lo, J1, J2,0) € R” : arbitrary u, Jy, Jo},

3.3
Br ={(0,u, Ry, Ry, J1, J2,1) € R : arbitrary u, J1, J}, )

where V., L1, Lo, R; and R» are given in (2.13). Then the original boundary value
problem is equivalent to a connecting problem, namely, finding a solution of (3.1) or
(3.2) from By, to Bp (see, for example, [44]).



For ¢ > 0 small, let M (e) be the collection of forward orbits from Bj un-
der the flow and let Mg(e) be that of backward orbits from Bpr. Since the flow
is not tangent to By and Br and dim By, = dim By = 3, we have dim My () =
dim Mg(e) = 4. We will show that My (¢) and Mg(e) intersect transversally in the
phase space R7. Transversality of the intersection implies dim(My(e) N Mg(e)) =
dim M (g) + dim Mg(g) — dimR7. It then follows that dim(Mg(e) N Mg(e)) = 1
which would allow us to conclude the existence and (local) uniqueness of a solution
for the connecting problem. This is the reason that we include J; and Js in the phase
space. Alternatively, one can treat J; and Jo as parameters and work in the phase
space R®. Then the corresponding By, and Br would each be of dimension one, and
hence, My,(¢) and Mp(e) would each be of dimension two. Should M| (¢) and Mg(¢)
intersect, the intersection cannot be transversal due to the dimension counting. To es-
tablish the existence and uniqueness result with this alternative approach, one would
have to apply perturbation argument with J; and J as perturbation parameters.

In what follows, we will consider the equivalent connecting problem for system
(3.1) or (3.2) and construct its solution from By to Br. The construction process
involves two main steps: the first step is to construct a singular orbit to the connecting
problem, and the second step is to apply geometric singular perturbation theory to
show that there is a unique solution near the singular orbit for small € > 0.

3.1 Geometric construction of singular orbits

Following the idea in [22, 51, 52], we will first construct a singular orbit on [0, 1] that
connects By, to Br. Such an orbit will generally consist of two boundary layers and
a regular layer.

3.1.1 Limiting fast dynamics and boundary layers
By setting ¢ = 0 in (3.1), we obtain the so-called slow manifold
Z={u=0, z1¢1 + 22c2 = 0}. (3.4)
By setting £ = 0 in (3.2), we get the limiting fast system
¢ =u, u'=—z1c — 20,
¢y == filer, 3 dy, da)u,
cy =fa(cr, ca;dy, da)u,
T =J=0, 7 =0
Note that the slow manifold Z is the set of equilibria of (3.5).
Lemma 3.1. For system (3.5), the slow manifold Z is normally hyperbolic.

Proof. The slow manifold Z is precisely the set of equilibria of (3.5). The linearization
of (3.5) at each point of (¢,0,c1,c2,J1,J2,7) € Z has five zero eigenvalues whose
generalized eigenspace is the tangent space of the five-dimensional slow manifold Z
of equilibria, and the other two eigenvalues are ++/21 f1 — 22 f2. On the slow manifold
Z where z1¢1 + z2¢2 = 0, one has, from (2.12),

z1fi(cr, coidr, d2) — zafa(cr, coydr, d2) = zicr + 25ca.



Note that fi(c1,co;d1,d2) has a factor ¢; and fa(cq,co;dy,d2) has a factor co. It
follows from (¢, ca)-subsystem of (3.5) that {¢; > 0} and {c2 > 0} are invariant
under (3.5). Since ¢; and co have positive boundary values, ¢; and ¢y are positive
for all z € [0,1]. Therefore, 21 fi(c1,co;d1,d2) — 22 fa(c1,c2;d1,d2) > 0. Thus Z is
normally hyperbolic. O

We denote the stable (resp. unstable) manifold of Z by W#*(Z) (resp. W*(Z2)).
Let My, be the collection of orbits from By, in forward time under the flow of system
(3.5) and Mp be the collection of orbits from Bpr in backward time under the flow
of system (3.5). Then, for a singular orbit connecting By, to Bg, the boundary layer
at 7 = x = 0 must lie in N, = M, N W?*(Z) and the boundary layer at 7 =z =1
must lie in Ng = Mr N W*(Z). In this subsection, we will determine the boundary
layers N, and Ng, and their landing points w(Ny) and a(Ng) on the slow manifold
Z. The regular layer, determined by the limiting slow system in §3.1.2, will lie in
Z and connect the landing points w(Ng) at 7 = 0 and a(Ng) at 7 = 1. A singular
orbit T U A UT! is illustrated in Figure 1 where I' C Ny, is a boundary layer at
7 =0and I'' C Ny is a boundary layer at 7 = 1, and A is a regular layer connecting
the landing points of ' and T'! on the slow manifold Z to be constructed in Section
3.1.2. We remark that the boundary layers I'Y € Ny, and I'' € Ny cannot be uniquely
determined untill the construction of A.

=
=

Seeall
-

(ll, J19 Jz)

Figure 1: A singular orbit T° U AUT! on [0,1]: a boundary layer T® at 7 = 0, a
reqular layer A on Z from 7 =0 to 7 =1, and a boundary layer T'' at 7 = 1.

Recall that d; and do are the diameters of the two ion species. For small d; > 0
and dg > 0, we treat (3.5) as a regular perturbation of that with dy = dy = 0. While

10



dy and do are small, their ratio is of order O(1). We thus set

di=d and dy = A\d (3.6)

and look for solutions

L(&d) = (6(&;d), u(&; d), c1(&;d), ca (&5 d), Ji(d), Ja(d), 7)

of system (3.5) of the form
P(&d) = do(§) + d1(§)d + o(d),  u(&d) = uo(§) + ur(§)d + o(d),
c1(&d) = c10(§) + cnn(§)d+o(d),  c2(§) = c20(§) + ca1(§)d + o(d), (3.7)
Ji(d) = Jio + Jiid + o(d), Jo(d) = Jog + Jo1d + o(d).
Substituting (3.7) into system (3.5), we obtain, for the zeroth order in d,

$p =Uo, Uy = —Z21C10 — 22€20,
Clo = — 21C10U0,  Chy = —22C20U0, (3.8)
Jio =J5 =0, 7 =0,
and, for the first order in d,
¢y =u1, wj = —z1c11 — 22021,
chy = — z1uperr — ziciour + ug (A + 1)22c10c20 + 22163 (3.9)
chy = — zupca1 — 22c20u1 + ug (A4 1)z1¢10020 + 2/\zgc§0) ,
J{l :Jél == 07 T/ — O
Recall that we are interested in the solutions T°(¢;d) € N = My N W*(Z) with
I°(0;d) € By, and T'Y(¢;d) € Ngr = Mr N W*%(Z) with T'1(0;d) € Bg.
Proposition 3.2. Assume that d > 0 is small.
(i) The stable manifold W*(Z2) intersects By, transversally at points
(V,ug +ubd + o(d), Ly, La, J1(d), Jg(d),0> ,

and the w-limit set of N, = M (\W*5(Z) is
w(NL) = {(¢§ + é1d + 0(d), 0, cfy + clyd + o(d), ez + c51d + o(d), J1(d), Ja(d), 0)} .

where J;i(d) = Jio + Jud + o(d), i = 1,2, can be arbitrary and

= 1 —ZQLQ —Z2 z]
o=V - Z1 — 22 = z1Ly z1efy = —z205y = (21L1) 172 (=22 L) 5172,
l 21 — 22 —z2 21
U :sgn(z1L1 -+ ZQLQ) 2( L1 + Lo + . (ZlLl)Zl—Z2 (—z2L2)21—22 ;
142
1—A

¢% (L1 + L — C%o - C%o),

Z1 — %9
— 29 (Az1 — 22)

Az 2
zicl = — zocly = 21k, <L1 + ALo + ﬁ(Ll + Lo) + 22010> ,

(L1 4 La) (L1 + ALa) — (cfy + cky)(cty + Aegy) — cfy — 051'

I _
Uy = ]
Ug
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(i) The unstable manifold W*(Z) intersects Br transversally at points
(0,uq + uid + o(d), Ry, Ry, J1(d), Jo(d), 1) ,
and the a-limit set of Ng is
a(Ng) = {(¢f + ¢1'd + o(d), 0, cffy + cfid + o(d), chty + i d + o(d), J1(d), Jo(d), 1)},

where J;i(d) = Jio + Jiud + o(d), i = 1,2, can be arbitrary and

1 *ZQRQ 2 21
R o In ZlCﬁj — —ZQC?O — (ZlRl) 21—29 (_ZQRQ) 2172

z1—2z9 2Ry

r Z1 — 22 _TF2 _A1
uy = — sgn(z1 R + Zsz)\/Q <R1 + Ry + p, (z21R1)*172 (—2z9Rg) "1 72 >;

122
1—A
off = (R1+ Ry — cfh — chy),

Z1 — k2

Az — % 2(Az1 — 2
zlcﬁ =— 22051 = zlcﬁ) <R1 + ARy + Q(Rl + Ro) + (12)0{%) ,

21 — 29 )

(R1 4 R2)(R1 + ARg) — (cfh + c3h) (e + Aebp) — eff — e5f

ro__
Uy = r
Ug

Remark 3.3. When z1L1 + 2oLy = 0, uf) = 0. In this case, ull is defined as the limit
of its expression as z1L1 + zaLo — 0 and it is zero. Similar remark applies to uj
when z1R1 + z9R2 = 0.

Proof. The stated result for system (3.8) has been obtained in [22, 51, 52]. For system
(3.9), one can check that it has three nontrivial first integrals:

C
Fy =211 + CA + 2¢10 + (A + 1)cao,
10

C2

By =201 + =2 + 2Xca0 + (A + 1)cao,
0

C2
2 2
F3 =uguq — c11 — co1 — ()\ + 1)010020 —Cip — )‘020'

We now establish the results for ¢, ¢y, ¢l and u! for system (3.9). Those for
ot cft el and u] can be established in the similar way.
We note that ¢1(0) = ¢11(0) = ¢21(0) = 0. Using the integrals F; and Fy, we have

C
2191 + 6711 + 2c109 + ()\ + 1)620 =211+ ()\ + 1)L2,
10
C
21 + % +2Xc10 + (A + D)ero = 2ALa + (A + 1)Ly
20

Therefore

C11 =C10 (2L1 + (/\ + 1)L2 - 2010 — ()\ + 1)620 — Zld)l) s
ca1 =Ca0 (2AL2 + (A + 1) L1 — 2Aco0 — (A + 1)e1o — 2201) -

12



Taking the limit as £ — oo, we have

1-A
o7 :Z1 —— (L1 + Lo — cfy — cky),

In view of the relations z1cky + 20cky = 21¢fy + 22¢ly = 0, one can get the formulas
for ¢k, ck and ¢f. We now derive the formula for u} = u1(0).
In view of F3(0) = F3(o0), we have

upuy — A+ 1) LiLe — L — AL5 = —efy — gy — (A + 1)efpesy — (¢p)” — Mesp).
The formula for u} follows directly. O

For later use, let ' denote the potential boundary layer at = = 0 for system (3.5)
and Let I'" denote the potential boundary layer at = 1 for system (3.5).

Corollary 3.4. Under electroneutrality boundary conditions, that is, z1 L1 = —zoLo =
L and 1Ry = —20Rs = R,

¢OL =V, zlc{‘o = —zgchO =1L gzﬁé% =0, zlc{% = —zzcgb = R,
L L L R R R
P17 == =@ =i = ¢ =0.
In particular, up to O(d), there is no boundary layer at x =0 and x = 1.

3.1.2 Limiting slow dynamics and regular layer

Next we construct the regular layer on Z that connects w(Ny) and a(Ng). Note that,
for e = 0, system (3.1) loses most information. To remedy this degeneracy, we follow
the idea in [22, 51, 52] and make a rescaling u = ep and —z2c2 = z1¢1 + ¢ in system
(3.1). In term of the new variables, system (3.1) becomes

L . hr(T) - Z191 + 2292
¢=p, ep=q—c¢ oL (z1f1 — 22f2) P+ TORE

o (3.10)
J=Jo=0 r=1
- fip— ary = 2=0 T

where, for 1 = 1,2,

fi=F (cl,—w;d, Ad) and g; = g; (cl,—W,Jl,Jz;d, Ad) .
29 )

It is again a singular perturbation problem and its limiting slow system is

Zzzgz cr,— cl,Jl,JQ,d Ad),

é =p, (3.11)

1 Z1
- — ——c1,J1, Jo;d, Ad
p h(T)gl(Cl, Z201, 1,J2; @, )7

13



In the above, for the expression for p, we have used (2.12) to find

21.f1 (01, —@;d, )\d) — z2f2 (01, —@;Ch Ad) = z1(21 — 22)c1.
29 zZ2

From system (3.11), the slow manifold is

z191(c1, —2ker, Ji, Jos d, Ad) 4 2292 (1, —ZLer, Ji, Jo; d, Ad) }

S - {q - 07 p== 21(2’1 — ZQ)h(T)Cl

Therefore, the limiting slow system on § is
¢ =p,
1 =—f1 (cl, —z—;cl;d, )\d)p — h(lT)gl (cl, _201’ J1, J2; d, )\d), (3.12)
Ji=J=0, =1,
where

z1g1(e1, —2Ler, Ji, Jos dy Ad) + 2292 (1, =2k, i, Ja; d, Ad)

z1 (21 — ZQ)h(T)Cl

p=-

As for the layer problem, we look for solutions of (3.12) of the form

¢(x) = ¢o(z) + ¢1(x)d + o(d),
c1(z) = cro(x) + c11(z)d + o(d), (3.13)
J1=Jio+ Jud+o(d), Jo= Jo + Jad+ o(d)

to connect w(Np) and a(Ng) given in Proposition 3.2; in particular, for j =0, 1,

(¢7(0),¢1;(0)) = (¢F,cl5) (85 (1),c15(1)) = (o7, cf) -

From system (3.12) and the definitions of f;’s and g¢;’s in (2.12), we have

do = — z1J10 + 22J20 frp = 2 (J10 + Joo)
z1(21 — 22)M(T)e10’ (21 — 22)h(1)’ (3.14)
Jio=Joo =0, 7=1,
and
= (2110 + z2J20)e11 | 21(1 — A)(Jio + J20)c10 — (2111 + 22J21)
z1(21 — z2) ()3, z1(21 — 22)h(7)c10 ’
. _2(Az1 — z)(J10 + Ja0)cr0 + 22(J11 + Ja1) (3.15)

(21 — 22)h(T) ’
Jip=Jon =0, 7=1.

For convenience, we denote

H(z) = /033 h=1(s)ds. (3.16)
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Lemma 3.5. There is a unique solution (¢o(x), c10(x), J10, J20, 7(x)) of (3.14) such
that

(¢0(0), ¢10(0),7(0)) = (45, ¢1p,0) and (do(1),c10(1),7(1)) = (45, ¢l 1), (3.17)

where d)é, qb(}]%, cfo, and c{% are given in Proposition 3.2. It is given by

g b HE) | oy
¢O(x) _¢0 lncﬁ) _ IHC{/O In <1 H(l) + H(]-) C%0> '

ol Ee s

ek
Jio = 10 1 + — ¢ ) ’
ln ClO In 010

010 010) (1_'_ (¢0 ¢§)>,

ZQH( ) Incfy — Incly

Joo = —
7(x) =x.

Proof. The solution of system (3.14) with the initial condition (¢¥,cly, Jio, Jao,0)
that corresponds to the point (¢, 0, ¢k, ¢k, Jig, Joo, 0) is

o(@) = o — M/o W= (s)eqo (s)ds,

Zl((jl _J:’? ) (3.18)
co(@) = cfo + T2V H (), (o) = a
z1 — 22
It follows from the cjp-equation and cjg(1) = £ that
_ L _ R
Jio 4 Joo = (21— 2)(ep Clo)_ (3.19)

ZQH(l)

Note that, from (3.14),

T _ 21 — 29 ¥ é10(s8) Incly — Inepo(x)
/0 hY(s)eig (s)ds = o~ /0 ( ds = H(1) 10L = .

2(J10 + Joo) c10(s) €10 — C10

Thus,
z1J10 + 22J20 In CILO —Inep(x)

21(21 — 22) ek —cft

o(x) = ¢f — H(1)
Applying the boundary condition c10(1) = ¢f) and ¢o(1) = ¢f, we have

(21 — 22)(cfy — cfh)

ZQH(l) ’
z1(z1 — z) (cfp — efh) (9 — oF)
H(1)(In clLO —1In c{%) '

Jio + Jog = —
(3.20)

z1J10 + 22J20 =

The expressions for Jip and Jog, and hence, for ¢o(x) and cio(z) follow directly. [
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For convenience, we define three functions

M:M(LLLQleaRQ;)‘)a N = N(leLQ)RlaRQ;)‘)v P(LE) :P(:’U;LLLQleaRQ;)‘)

as
z21(Az1 — 2
M :zlclLow(Ll, Lo) — zlcﬁ]w(Rh Ry) + 1(2122) ((cf0)2 — (cﬁ))Z) ,
_ 21 (e — efh) (6L — oTt) — (1 =Nz (efy —cfp)? + o — o
In clLO —Inep ! 29 In cfo —In c{% In cfo —In c{%
21(efp — efp) (w (Lla Ly) —w(R1, Re)) 1, _ R
- 2 (¢O ¢O )7
(In 010 —1In 010) (3.21)
Az—z (efy —efh)H () .
P(z) = L R
22 (Inejy—Inefy)H(L)
cfo —cro(z) (w(Ly,La) Az — 2o clLO
L R +
Incfy — Incj) c10(x) 29 c10(x)
B H(x) M+ Incly — Incio(z)
z1(Ilncly — Inefl)ero(x)H(1) zi(lncly —Inefd)(chy — cff)
where

W, B) = a+ M3+ "2 (4 4 ).
Z1 — k9

Lemma 3.6. There is a unique solution (¢1(x),c11(x), Ji1, Ja1,7(2)) of (3.15) such
that

(¢1(0), 11(0), 7(0)) = (61, ¢11,0) and (¢1(1),c11(1),7(1)) = (o1, efi, 1), (3.22)

where ¢¥, ¢, ¢k, and c& are given in Proposition 3.2. It is given by

o (= XN)(efp — i) H(x) L_ 4R\ () — Inci9(z) — Incfy
d)l(x) _¢1 Z2H(1) + (¢0 QZ)O )P( ) 21(21 _ 22)(6{%0 — Cf()) N7

en (@) =ct + i (Cfo(x) - (ClLo)Q) N Hﬁ(fa(:i

)
M N M N
Jin = + Jo1 = T HH) | HO)

2 H(1)  H(1)’
where M, N, and P are defined in (3.21).

Proof. 1t follows from (3.15) that

Azl — 22 ( 9 zo(J11 + Jo1)

cn(x) =cfy + clo(x) = (¢fp)?) + — H(z).
Z1 Z9
Thus, from Proposition 3.2,
22(J11 + Jo1) Az1 — 29
(—H(l) =cpy —eti + —— ((cfp)® = (e1p)?)
29 — 21 z2
Az1 — 2
=ciow(Lu, L) = efyw(Ry, Ro) + = = ((efo)? = (e10)?)
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or, by the definition of M in (3.21),

z9 — 21
== - 3.23
Ji1 + J21 a1 (3.23)
Hence,
Azl — 2 H(x)
L 1 2 L \2
= _ - ——M. 3.24
ci(z) =epy + P (010( ) = (10)?) 2 H(D) (3.24)
Again, from (3.15)
L Z1J1o + 22.J20 / c11(s) ( — A)(J10 + Joo)
_ H
R s i U0 I0)

_zdJu+ zda / ds
z1(z1 — 22) Jo h(S)Clo(S) '

Note that, from (3.14) and (3.19),

Teow(s), -z _ H(1) (efp)® — cfolx)
/o hs) _Z2(J10+J20)/o cols)iole)ds = cfo—cly

T _ L _
/ 1 gy = FLT 22 / ¢10(8) ds = H(1)— o RcloL(x) ’
)Clg( ) za(Jio + J20) Jo lo(s) (clo —clt)elero(x)
d _
/ fo Tds = — L= = / / da—c o (s)ds
s)cio(s 29(J10 + J20)

o Loty 1)

HO)HE)
~h =@

These, together with (3.24) and (3.20), yield

Yoenls) Lo A=z g\ H(1)(etp = cro(x))
/0 h( )ds = <w(L1,L2) + - 10)

Incky — Ineo(z)

(010 010)

s)c3y(s (cfp — cip)ero(@)
J— L -
n Az ZzH(x) B LM (H(ﬁ) _In CloL In 20(95)1{(1)) _
22 z1(e1p — ¢ip) c1o(z) €10 — 10

A careful calculation then gives

(1= X)(efp — efp) H(x)

L L R
=¢; — — P
¢1(z) =¢1 S H (1) + (9 — 90 ) P(x)
_ 21J11 + 22J21 In C{’OL— In i}o(x)H(l)
z1(21 — 22) €10 — %10
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Hence,

1—X
o1 =¢7 — ——(cfp — cih) + (g — ¢i)P(1)

z1J11 + 22J21 In cfo —1In C%H

1
21(21 — 22) cfo - Cﬁ] (1)

- A Ly, Ly) —w(Ry, R
—o} = 1 ey efy) — MR

M(o§ — ¢8) ~ (z1J1 + 22J1)(In chy —Inclt)

L R
Incyy — Incp

+ H(1).
A=) -y
Thus,
adJutzdn _ cdp—ch o m (L=XNa (cfy —cfp)?
H(1) — =217 7 (01 —o1) — i R
Z1 — 29 Incyy — Incg, Z9 Incyy — Incg,
Mo —og)  _ (cip — cfb)(w(L, La) —w(Ri, Ra)) , ;g _ N
L R F L B2 (¢o —¢p) = N.
Incjy — Incg (Inepy — Inegh)
Formulas for Jy1, J21, and ¢ follow directly. O

Corollary 3.7. Under the electroneutrality conditions at the boundaries, that is,
z1Lh = —20Lo = L and z1R1 = —23Rs = R, we have,

L—-R 2V L—-R 20V
== (1+ = = 1 :
J10 le(1)< +lnL—lnR>’ J20 ZQH(1)< +1nL—1mR>’

)\21—22 R—-L Q(R—L) —
= - L
N mH) MR —InL <lnR—lnL (R+L))V
1-X (R-L)2  Az1—2 (R? - I?)
z1izoH(1)InR —InL ~ 2220H(1) ’
/\z1—22 R—-L Q(R—L) —
- _ - L
T = A mR-InL <1nR “p BV
_1-X (R-L JAzn-=zn (R? - I?)
z1izoH(1)nR —InL  z23H(1) .
Proof. This follows directly from Lemmas 3.5 and 3.6 and Proposition 3.2. O

The slow orbit, up to O(d),

A(z;d) = (¢o(x) + p1(2)d, c10(x) + c11(2z)d, J10 + Ji1d, Joo + Jord, 7(x))  (3.25)

given in Lemmas 3.5 and 3.6 connects w(Ny) and a(Ng). Let My, (resp., My) be the
forward (resp., backward) image of w(Np) (resp., a(Ng)) under the slow flow (3.12)
on the five-dimensional slow manifold S. Following the idea in [51], we have

Proposition 3.8. There exists dy > 0 small depending on boundary conditions so
that, if 0 < d < dy, then, on the five-dimensional slow manifold S, My, and Mg
intersects transversally along the unique orbit A(x;d) given in (3.25).
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Proof. To see the transversality of the intersection, it suffices to show that w(Ng) -1
(the image of w(/Ny,) under the time-one map of the flow of system (3.12)) is transver-
sal to a(Ng) on S({r = 1}. We will show first that, for d = 0, w(Np) -1 and a(Ng)
intersect transversally on S({7 = 1}. We will use (¢,c1,J1,J2) as a coordinate
system on S ({7 = 1}. It follows from (3.18) that, for d = 0, w(Np) - 1 is given by

OJ(NL) -1 = {(¢(z]17 JQ),Cl(Jl, JQ), Jl, JQ) . arbitrary Jl, JQ}

with

z21J1 + 220 nC1(J1,J2)
z129(J1 + J2) k7
ZQH(l)(Jl + Jg)

Ji, Jo) =ck .
c1(Ji, J2) =cpp + po——

O(J1, Jo) = —

Thus, the tangent space to w(N) - 1 restricted on S({r = 1} is spanned by the
vectors

(¢J1’ (Cl)Jl’ 1’0) - <¢J17 272
Z1 —

22

H@Jﬁ)

and
z2

(Brnr (1)32,0,1) = <¢>J2, H(1),0, 1) |

In view of the display in Proposition 3.2, the set a(NNg) is parameterized by J; and
J2, and hence, the tangent space to a(Ng) restricted on S(){7 = 1} is spanned by
(0,0,1,0) and (0,0,0,1). Note that S({r = 1} is four dimensional. Thus, it suffices to
show that the above four vectors are linearly independent or, equivalently, ¢5, # ¢,
at (J1,J2) = (J10, J20). The latter can be verified by a direct computation as follows:

21— %2

21 — 29 ZQ(Jl + JQ)
—¢y, =—— 2 In|14+ =" "2 H(1 0,
¢J1 ¢J2 leQ(Jl + JQ) (21 - Zz)cfo ( ) 7&

even as J; + Jo — 0. This establishes the transversal intersection of w(Ny,) - 1 and
a(Ng) on S(){r = 1}. From the smooth dependence of solutions on parameter d,
we conclude that there exists dp > 0 small, so that, if 0 < d < dp, then w(Ng) -1 and
a(Npg) intersect transversally on S {7 = 1}. This completes the proof. O

3.2 Existence of solutions near the singular orbit

We have constructed a unique singular orbit on [0,1] that connects By, to Br. It
consists of two boundary layer orbits T'° from the point

(V,ub +uid + o(d), L1, Ly, Jio + Ji1d + o(d), Jag + Jord + o(d), 0) € By,

to the point
((bLJOaC%vC%qua J270) € W(NL) C Z

and I'! from the point

(¢Rvoac{%?CQR7J17J2> 1) € ZI(NR) cZz

19



to the point
(0,u6 + ug + O(d), Ry, Ry, J1, Jo, 1) € Bg,

and a regular layer A on Z that connects the two landing points
(¢L7 07 Cf7 657 .]1, J27 0) € O‘)(]\[L>

and
(¢R7 Oa Ci%v 057 Jla J27 1) € a(NR)

of the two boundary layers.

We now establish the existence of a solution of (2.11) and (2.13) near the singular
orbit constructed above which is a union of two boundary layers and one regular layer
I JAYT!. The proof follows the same line as that in [22, 51, 52] and the main tool
used is the Exchange Lemma (see, for example [44, 45, 46, 80]) of the geometric
singular perturbation theory.

Theorem 3.9. Let T?|JA T be the singular orbit of the connecting problem system
(3.1) associated to Br, and Bpr in system (3.3). Let dy > 0 be as in Proposition 3.8.
Then, there exists g > 0 small (depending on the boundary conditions and dy) so
that, if 0 < d < dy and 0 < € < €g, then the boundary value problem (2.11) and
(2.18) has a unique smooth solution near the singular orbit TV JA|JT?!.

Proof. Let dy > 0 be as in Proposition 3.8. For 0 < d < dy, denote u! = ug + ulld,
J1(d) = Jip + J11d and Ja(d) = Jog + Jo1d. Fix § > 0 small to be determined. Let

BL((S) = {(V,U,Ll,LQ,Jl, JQ,O) S R : |u — ul\ < 4, ‘Jl — Jz(d)| < (5}

For e > 0, let Mp,(e,§) be the forward trace of By () under the flow of system (3.1)
or equivalently of system (3.2) and let Mg(¢) be the backward trace of Bg. To prove
the existence and uniqueness statement, it suffices to show that My (e, d) intersects
MEg(e) transversally in a neighborhood of the singular orbit I'®(JA |JT'!. The latter
will be established by an application of Exchange Lemmas.

Note that dim Br,(0)=3. It is clear that the vector field of the fast system (3.2)
is not tangent to Br(9) for e > 0, and hence, dim M| (e,d)=4. We next apply Ex-
change Lemma to track M (e,8) in the vicinity of T?|JA(JT?. First of all, the
transversality of the intersection By (8)(W?*(Z) along I'° in Proposition 3.2 implies
the transversality of intersection My, (0,d)(\W?*(Z). Secondly, we have also estab-
lished that dimw(Nz) = dim N — 1 = 2 in Proposition 3.2 and that the limiting
slow flow is not tangent to w(/Np) in Section 3.1.2. With these conditions, Exchange
Lemma ([44, 45, 46, 80]) states that there exist p > 0 and €1 > 0 so that, if 0 < ¢ < &1,
then My (e, §) will first follow 'Y toward w(Ny,) C Z, then follow the trace of w(Ny) in
the vicinity of A toward {7 = 1}, leave the vicinity of Z, and, upon exit, a portion of
My (g, 6) is C' O(e)-close to W¥(w(N) x (1—p, 1+p)) in the vicinity of I'! (see Figure
2 for an illustration). Note that dim W*(w(Np) X (1 —p,1+p)) = dim M (g,0) = 4.

It remains to show that W*(w(Np) x (1 —p, 1+ p)) intersects Mpr(e) transversally
since M, (g,0) is C O(e)-close to W*(w(NL) x (1 — p,1 + p)). Recall that, for
e =0, Mp intersects W¥(Z) transversally along N (Proposition 3.2); in particular,
at 1 := a(T!) € a(Ng) C Z, we have

T’Yl Mg = T’Yla(NR) + T’Yl Wu(Vl) + span{Vs}
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(¢, €1, €3)

o(Np) (1-p,1+p)

(ll, Jl, Jz)

Figure 2: Illustration of the evolution of My (g,0) from the vicinity of T = 0 to that of
T =1: On the left, M1 (g,0) intersects W*(Z) transversally and approaches w(Np) in
the vicinity of T'V; It then follows the trace of w(NL) in the vicinity of A on Z toward
the vicinity of w(Np) - (1 — p, 14 p); A portion of it will leave the vicinity of Z, and,
upon exit from Z, Mp/(g,68) is C1 O(e)-close to W*(w(Nyp) x (1 — p,1+ p)) in the
vicinity of I't. In the figure, W*(w(Nr) x (1 — p, 1+ p)) is denoted by W™,

where, T.,, W*(v1) is the tangent space of the one-dimensional unstable fiber W*"(~;)
at 1 and the vector Vs & T, W*"(Z) (the latter follows from the transversality of the
intersection of Mp and W*(Z2)). Also,

Ty WHw(NL) x (1= p, 1+ p)) = Ty, (W(NL) - 1) + span{Vr} + T, W* (1)

where the vector V. is the tangent vector to the 7-axis as the result of the inter-
val factor (1 — p,1 4 p). Recall from Proposition 3.8 that w(Np) -1 and a(Ng)
are transversal on Z N {7 = 1}. Therefore, at v, the tangent spaces T, Mr and
T,,W*(w(Nr) x (1 — p,1+ p)) contain seven linearly independent vectors: Vi, V,
T.,,W"(y1) and the other four from T, (w(Ng) - 1) and Ty, a(Ng); that is, Mg and
W"(w(Np)x (1—p,14p)) intersect transversally. We thus conclude that, there exists
0 < ep < e1 so that, if 0 < e < g, then My (g, ) intersects Mp(e) transversally.

For uniqueness, note that the transversality of the intersection M (e,d) (| Mr(e)
implies dim(Mp(e,d) (\ Mg(e)) = dim My (e,6) + dim Mpg(e) — 7 = 1. Thus, there
exists g > 0 such that, if 0 < § < o, the intersection M (e,9) () Mg(e) consists of
precisely one solution near the singular orbit I'O|J A (JT!. O

4 Ion size effects on the flows of charge and matter

The analysis in the previous sections not only establishes the existence of solutions
for the boundary value problem (2.11) and (2.13) but also provides quantitative in-
formation on the solution that allows us to extract explicit approximations to the
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current Z and the flow rate of matter, 7, for small € and d. From the explicit approx-
imations, we are able to identify some critical values for potential V' that characterize
ion size effects on the ionic flow. A number of scaling laws will be also obtained.
Their consequences of ion size effects are discussed.

4.1 1I-V relation, critical potentials, and scaling laws

4.1.1 1I-V relation and its approximation

For fixed boundary concentrations Li, Lo, R; and Ry in (2.2), we express the I-V
relation in (4.1) as

Z(Vi A e, d)=I10(Vie)+ Li(V; A\ e)d + o(d), (4.1)

where Iy(V;¢e) is the I-V relation without counting the ion size effect and I;(V; A\, £)d
is the leading term contaimng ion size eﬁ'ect on I-V relation.
Recall that we denote H(1 fo s)ds in (3.16).

Theorem 4.1. In formula (4.1) one has

In(V;0) =poo(L1, Lo, R, R2) + po1(L1, L2, Ry, R2)k;TV

1(Vi X, 0) =pro(Ly, Ly, R, R, \) + pui(Ly, Lo, Ru, Roi M) 7=V,
where
pop =1 P1 = Dy)(cfy — i) | z1(a1D1 — Z2D2)(Cm —cib) |, LuRy
H(1) H(1)(Incky —Inck) Lo Ry
poy =101 — Z2D2)(010 - C{%o)’
H(1)(Incfy — Incff)
P10 :zl(,;;(_l)DQ) [Cfow(Ll,Lg) — B w(Ry, Ry) + )\2122—2'2 ((ClLo)2 - (C{%)Q)}
_ z1(z1D1 — 29Dy) [1 —A (cfy —clb)® ClLo (o ¢R)}
H(1) 7z Incky—Inef Inch — ln clt ! !
21(z1D1 — 29D5) clLOw(Ll, Ly) — cﬁ)w(Rl, R») In LRy
(z1 —2z2)H(1) Incly —Incl} LoRy
21(Az1 — 29)(21 D1 — 29D9) (010)2 — (c)? In LR,
(21 — 22)22H(1) In c10 —1In c{% LoRq
_ z1(z1D1 — 23Da) (cfy — efh) (w (Ll, Ly) —w(By, By)) | LR
(21 — 22)H (1) (Incky — Inclt)? LaRy’
~ z1(z1D1 — 22D2) cfow(Ll, Ly) — cﬁ)w(Rl, Ry)
P Inch — el
z1(Az1 — 2) (2101 — 22D5) (010)2 — (cf})?
zoH (1) Incky) — Incl}
z1(21D1 — 22Ds) (cfy — cfh) (w(Li, L2) — w(Ry, Ra))
H(1) (Incky — Inclt)? ’
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where clLO, c{%, qﬁf and <Z>f3 are given in Proposition 3.2 and

Az —
w(a,f) = a+ A5+ 12
21 — %9

(a+p).
Proof. For the zeroth order in ¢, it follows from

Z(V; X, 0,d) =21J1 + 2002 = 21D1J1 + 29D2J

4.2
= (z1D1J10 + 22D2J2) + (21 D1J11 + 22D2J21) d + o(d) (42)

that
Io(V; 0) = 21D1J10 + ZQDQJQQ and Il(V; )\,O) = 21D1J11 + 22D2J21.

The formulas for Io(V;0) and I;(V;0) follow directly from Lemmas 3.5 and 3.6. [

Corollary 4.2. Under the electroneutrality conditions z1L1 = —z9Lo = L and
z1R1 = —20Rs = R, one has
. o (D1 - DQ)(L - R) (Z1D1 - ZQDQ)(L - R) e
IO(V7 O) - A
H(1) H(1)InL—-InR) kT
L(ViA0) _ Az —2)(D2 = D1)(L? — R?) (1 —A)(21D1 — 22Ds)(L — R)®
I 2129H(1) 2129H(1)(In L — In R)
B ()\21 — ZQ)(ZlDl — ZQDQ)(L — R)2 (L + R)(IHL — lnR) _9 iV
z2129H(1)(In L — In R)? L—-R kKT

In particular, for fired R > 0, one has

(ZlDl — ZgDQ)R & .

— lim 1 (V; =0.

) kTV and Jim, 1(V50,0)=0

Proof. Assume z1L1 = —z9ls = L and z21R1 = —29Res = R. It can be checked
directly that

(Dl — Dg)(L — R) . (Z1D1 — ZQDQ)(L — R)

lim I,(V;0) =
ﬂ&o(v)

poo = H(1) P T HA)(IL —InR)
o _ Az —=)(D2 — Di)(L* = R?) (1 =X\)(21D1 — zDy)(L — R)* (4.3)
z129H (1) z120H(1)(In L — In R) ’ '
Az —z)(z1D1 = 2Dy)(L-R)* ((L+R)(InL —InR) 5
pre= z2120H(1)(In L — In R)? < L—-R ) '

The formulas for Ip(V; 0) and I;(V;0) then follow easily. The two limits can be shown
easily too. O

Remark 4.3. The above formulas for Io(V;0) and I;(V;\,0) agree with those in
[43] except for a factor 2H(1). The factor H(1) does not appear in [43] since it is
assumed there that h(x) = 1, and hence, H(1) = 1. The factor 2 in front of H(1) is
due to the fact that we are expending the I-V relation in the diameter d here instead
of the radius r in [43]. As we mentioned in the introduction that there is a major
difference between the analysis for the local hard sphere in this paper and that for the
nonlocal model in [{3]. Nevertheless, the agreement on Io(V;0) and I;(V; X, 0) is not
a surprise since we are using the local hard sphere potential which is obtained as the
expansion in the variable d from the nonlocal one used in [43].
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4.1.2 Critical potentials and ion size effects on I-V relations

Based on the approximation of I-V relations in Theorem 4.1, we will identify three
critical potentials and discuss their roles in characterizing ion size effects on -V
relations.

Definition 4.4. We define three potentials Vy, Ve and V¢ by

d
I(](‘/Z);O) = 0, 11(‘/;;; )\,0) = 0, ah(vc; )\,0) =0.

For ion channels, the reversal potential is defined to be the potential V' so that
Z(V; A e) = 0. Thus, the potential Vj is simply the zeroth order approximation in
€ and d of the reversal potential. The critical potentials V., and V¢ are examined
for the first time in [43] for a nonlocal hard-sphere model. The significance of the
two critical values V. and V¢ is apparent from their definitions. The value V, is the
potential that balances ion size effect on I-V relations and the value V¢ is the potential
that separates the relative size effect on I-V relations. We provide precise statements
below. First of all, note that I;(V;\,0) is affine in V' and in A. Thus, quantities
OvIi(V; A, 0) and V. depend on the boundary conditions L;, Lo, Ry, Ry and the ratio
A of ion sizes only; 8‘2”\]1(‘/; A,0) and V¢ depend on the boundary conditions Ly, Lo,
R, Ry but not on A.

Theorem 4.5. Suppose oy I11(V;A,0) >0 (resp. dyI11(V;A,0) <0).

If V. > V. (resp. V< V), then, for small e > 0 and d > 0, the ion sizes enhance
the current Z; that is, Z(V;e,d) > Z(V;e,0);

If V< V. (resp. V> V.), then, for small ¢ > 0 and d > 0, the ion sizes reduce
the current Z; that is, Z(V;e,d) < Z(V;e,0).

Theorem 4.6. Suppose 9%, 11(V;\,0) >0 (resp. 9%, 11(V;\,0) <0).

If V.> V¢ (resp. V. < V€), then, for small € > 0 and d > 0, the larger the
negatively charged ion the larger the current; that is, the current I is increasing in \;

If V.< V¢ (resp. V> V€), then, for small ¢ > 0 and d > 0, the smaller the
negatively charged ion the larger the current; that is, the current I is decreasing in \.

The following result in [43] can be checked easily.

Proposition 4.7. Assume electroneutrality conditions z1L1 = —z9Lo = L and
z1R1 = —29R2 = R, and L # R. Then,

I (Vi \,0) >0 and 03,I1(V;\,0) > 0.
As R— L, 0y 1(V;0,0) — 0 and 9%, 11(V;),0) = O((L — R)?). O

While both 9y I1(V;A,0) and 8%,11(V;\,0) are non-negative under electroneu-
trality conditions, in general, they can be negative. We do not have a complete result
for the general case but the following partial result.

Proposition 4.8. For any L > 0, R} > 0 and Ry > 0 with R{Ry = L?, as
(RlﬂRQ) - ( T,R§),

e
ovIi(V; A, 0) Zﬁp11(L, L, Ry, Ry; \)

€(D1 + DQ)L

4kTH(1)R; (R — L) ((B+ ARy — (1+3N)L).
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The latter is negative if

1 A 143X
either L<R’1‘<3173)\L for A>1 or %L<R>{<L for A< 1.

As (Ri, Ry) — (RY, R3),
£
kT
The latter is negative if L < R} < 3L.

6(D1 + DQ)L

1

orp11(L, L, R1, Ra; \) — (Rf — L) (Ry —3L).

Proof. For z; = —z9 = 1, we have
e
ovIi(V;A,0) Zﬁpn(Ll,Lz,Rth; A)s
_2e(D1 + Dy) RY?Ryw(Ry, Ry) — Li* Ly *w(Ly, Ly)
k‘TH(l) ln(Rle) - ln(Lng)
26(1 + )\)(Dl + Dg) RiRy — L1Lo

kTH(l) ln(Rle) - ln(Lng)
_ de(Dy+ D) R Ry® — 1LY w(Ry, Ry) — w(Ly, L)
k?TH(l) ln(Rle) - ln(Lng) ln(Rle) - ln(Lng) '
Recall from Theorem 4.1 that, for z; = —z9 = 1,

w(a, B) =a+ A3+ %(a—kﬁ).

For fixed a > 0 and b > 0, we set

H(1) 212,22
z,y;a,b) = ———— a”,b%;x%,y"; ).
pl@:y30,0) = 5 =5l Y7 A)
Then, a direct calculation yields
xy — ab z2y? — a’b?

: _ 2.2y _ (1
_ xy —ab— ab(In(zy) — In(ab))
(inzy) — Inab))?
Note that, as z = zy — ab,
z —ab z—ab—ab(lnz —In(ab))  ab 22 — a?b? 2,9
_— b —, ————— = 2a"b
In 2z — In(ab) - (Inz — In(ab))? 79 nao In(ab) o

Thus, as * — xg and y — yo with zoyo = ab,

In(zy) — In(ab)

(wi(2?,y?) — wi(a®,b%)).

ab
p(x,y;a,b) — abwl(x%,yg) - (wl(:):g,yg) — wl(az,b2)) —2(1+ )\)a2b2

b
=% (w1 (2, 58) + w1 (a?,b%)) — 2(1 + N)a®b?
b
:% (w1(2f, y5) + wi(a®, %) — 4(1 + A)ab)
ab (3+X 5 143X 5 34+X 45 143X,
9 —4(1
2<2x0+2y0—|—2a—|—2b (14 Nab
ab (34X 4 (34X 5, 143\, o 143X 5,
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In particular, for a = b, as * — xp and y — yo with zgyg = a?,

a® [(3+ A 143X
p(z,y;a,a) — 502 <2$é —2(1 + N)a’xzg + 5 04)
0
a? 34+ 143X
:ng(x%—az)< e a2>.

The latter is negative if

/1 A /1 A
either a < zg < 3—:3)\a for A>1 or 3—:_3/\(1<370<a for A < 1.

It can be directly translated to the statements for p11 and 9yp11. O

In the rest of this part, we discuss a number of properties of the critical potentials.
It follows from Definition 4.4 and Theorem 4.1 that

Proposition 4.9. The potentials Vy, V. and V¢ have the following expressions

_ KT poo(L1, L2, Ry, Ry)
e poi(L1, Lo, R1, Ra)’
_ KT p1o(L1, Lo, Ry, Ro; A)
e p11(L1, Lo, R1, Ros \)
KT proa(Ly, Lo, Ry, Ro; M)
e pu(Li,La, R, Ro; N\)’

Vo := Vo(L1, L2, R1, R2) =

‘/C = %(L17L27R17R2; )\> =

V¢:=V¢Ly, Lo, R, Ro; \) =

Remark 4.10. The critical potentials Vy, V. and V¢ are independent of the cross-
section area h(x) of the channel. O

When electroneutrality conditions 21y = —29lo = L and z21R; = —29Rs = R
hold, we write

‘/O(IMR) ::VO(L17L2aR17R2)7
Ve(L, Ry A) :=V.(L1, Lo, R1, Ra; \),
VE(L, Ry \) :==V(L1, Ly, Ry, Ry; \).

Corollary 4.11. Assume the electroneutrality boundary conditions z1Ly = —z9L9o =
L and z1R1 = —29Rs = R. Then, we have
kT (D1 — Do) R

WL, R) =————1In—
0( ’ ) (& ZlDl—ZQDQ nL7

KT A—1 _(L\ kT Di-Dy (L\

CL; ;)\ U o T T N R E L ’
Vel B ) =50 =, (R) ¢ z1D1 — zDs (R) LR
KI'1 ,(L\ kT Di—Dy (L\

LR =——f|=)-———=9g( = L
VAL B A) == zlf<R> ¢ z1D1 — zD; <R>’ FL#R

where, for x > 0,

(x—1)Inzx B (14 z)(Inz)?
1+z)lnz—2(xz—-1) 9(x) = l+z)lnz—2(z—-1)

f@) = (4.4)
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Proof. The formulas follow directly from Proposition 4.9 and display (4.3). O
Lemma 4.12. For the functions f and g defined in (4.4), one has

(1) f(x) = =f(1/x) and g(x) = —g(1/x);

(i1) $1i>nla+ f(x)Inz =6, xlgglof(x) =1, and f'(z) <0 forz > 1;

(#i) lim g(x)lnz =12, lim 9(x) =1, and g(x) has a unique positive minimum in
1+ z—o0 Inx
(1,00).

Proof. The verifications of these properties are elementary. O

As a direct consequence of Corollary 4.11 and Lemma 4.12, one has

Corollary 4.13. Assume the electroneutrality boundary conditions z1Ly = —zoLo =
L and z1R1 = —z0R9s = R. Then,

(i) Vo(L,R) = —Vy(R, L), Vo(L,R; \) = —=V.(R,L; \), VS(L, R; \) = =V(R, L; \);

(ii) for L > R, Vo(L, R) is decreasing (resp. increasing) in L if D1 > Dy (resp.
Dy < D3), and, for fivzed R >0, Llin}%Vo(L, R)=0;
—

(iii) for fixred R > 0,

, kKT (6(A—1) 12(Dy — Dy)
lim V.(L, R;A\)(InL —InR) = — - ,
LI—IS% ( )( . . ) e <)\21 — 292 21D1 — ZQDQ

@621(1)2 — Dl) + 6(21 — ZQ)DQ

lim V(L,R; \)(InL —InR) = 4.5
Ll—rf}% ( Y )( . . ) Zl(lel — 22D2) ’ ( )
lim —~2"""7 — ljm —2 2"/ — - :
LsocoInL —In R L—soo INL —InR e ZlDl — ZQDQ

KT 2 — L
(iv) VE(L,R;\) — V(L Ry \) = o 21722 <> and hence, for fived R > 0,

e z1(Az1 —22)" \ R
' kT 6(z1 — 22)
1 (L. R: — V.(L, R; InL —1 = T TN v
Jim (VLR A) = V(L Re)) (I L~ ) = £ S22,
Jim (VE(L, By A) = Ve(L, B; ) = 1.
—00

4.1.3 Scaling laws

Next result concerns the dependences of Iy, I7, Vp, V. and V¢ on the boundary con-
centrations. For this discussion, we include the boundary conditions in the arguments
of Iy, I, Vo, V. and V¢; for example, we write Iy as Io(V; L1, L2, R1, R2), etc..

Theorem 4.14. The following scaling laws hold,

(i) Iy scales linearly in boundary concentrations, that is, for any s > 0,

Io(v; SL1, SLQ, SRl, SRQ) = SI()(V; Ll, LQ, Rl, RQ);
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(ii) Iy(V;sLy,sLa, sR1,sRo) scales quadratically in boundary concentrations, that
is, for any s > 0,

I1(V;sLi,sLo, sR1,sRy) = s*I1(V; Ly, Ly, R1, Ry);

(iii) Vo, Ve and V¢ are invariant under scaling in boundary concentrations, that is,
for any s > 0,

%(SLl,SLQ,SRl,SRQ) :V()(Ll,LQ,Rl,RQ),
‘/C(SLl,SLQ,SRl,SRQ) :‘/C(Ll,LQ,Rl,RQ),
VC(SLl, SLQ, SRl, SRQ) :VC(Ll,LQ, Rl, Rz)

Proof. A direct observation gives
poo(sLi1,sLa, sR1,sR2) =spoo(L1, L2, R1, R2),
p()l(SLl, SLQ, SRl, SRQ) SPo1 (Ll, LQ, Rl, Rg),
p10(sL1, sLa, SRy, SRy, \) =s?p1o(L1, Lo, Ry, Ra; \),
p11(sL1,8La, sRy, sRo, \) =s*p11(L1, La, R1, Ra; \).

The above scaling laws then follow from Theorem 4.1 and Proposition 4.9. O

Remark 4.15. (i) Note that Iy and Vy are not linear in boundary concentrations,
and I, V. and V¢ are not quadratic in boundary concentrations.

(ii) Recall, from (4.1), that the zeroth order in € and first order in d approzimation
of the I-V relation Z(V'; N\, e, d) is Ip+11d. Since Iy and I; scale differently in boundary
concentrations, the approximation Iy + I d does not have a simple scaling law.

(i1i) It follows from the scaling laws for Iy and Iy that, at higher ion concentra-
tions, the ion size effect becomes more significant. This is well expected. On the
other hand, our scaling law results reveal a concrete way on how the ion size effect is
manifested as the concentrations increase.

4.2 The flow rate 7 of matter

In this part, we briefly discuss ion size effects on the rate 7. Recall from (2.4) that
The flow rate 7 of matter is

T(ViXed) =T+ Jo=Di1Jy + DaJo.

We have the following observation. Note that J; and Jy are independent of D1 and

D;. We will indicate the dependence of 7 and Z on D; and Dy explicitly and omit

their dependences on other variables; that is, we denote the current Z(V; A, e,d) in
Section 4.1 by Z(D1, D), and T(V; A, e,d) by T (D1, D3). Then,

T(D1,D2) = D1J1 + DaJy = Z1&J1 + Zz&b =1 <> —

21 22 21 22

Therefore, all results in Section 4.1 on the current Z can be translated to results on
T by replacing Dy and Dy in Section 4.1 with D;/z; and Dy/z9, respectively. We
will thus collect the results related to 7 only.

Similar to the expression for Z in Section 4.1, we express T as

T(ViXed) =To(Vie)+Ti(V; A\ e)d + o(d). (4.7)
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Theorem 4.16. In the expression (4.7), one has

To(V;0) D1J10+D2J20—000(L17L2,R1,R2)+Uo1(L1,L27R1,R2) V,

kT
e
T1(V; A\, 0) =D1J11 + DaJoy = o19(L1, Lo, Ry, Ro; A) + 011(L1, Lo, R1, Ro; A)ﬁV,
where
(22D1 — 21D3)(cfy — cff) | z1(D1 — Da)(cfy — i)
= In(L1R In(LoRy)),
700 = 2 H(1) H(1)(Incky — Inch) (In{f1Rz) = In(L2Ry))
_z(D - D2)(C1o cih)
H(1)(In 010 In c{%)
20D1 — z21D9 Az — 22
J10 :T(l) |:C%0'UJ(L1,L2) — C{%W(Rl, RQ) + T ((Cf0)2 - (C{{O)2):|

21D = Do) [1=A (cefp —cf)® ClLO _(oh — ol
H(1) zp Incly—Inef  Inch - ln R ! !
Z1 (D1 — Dz) C{’OUJ(Ll, LQ) - C{%U)(Rl, RQ)

In(L1Re) — In(LoR
(21 —22)H(1) Incky — Incly (In(L1Fz) = In(LoF))

Zl(?z - Zifﬁ; (1 )DQ) (111230 fﬁ@; (In(L1R2) — In(L2R1))

_ Zl(Dl _D2) (Cfo ClO)( (Ll,Lg) —w(Rlsz)) N '
(21 — 22) H(1) (Inck, — Inck)? (In(L1 Ry) = In(La Ry)),

zl(Dl — Dg) C{’Ow(Ll, Lz) — C{%O’LU(Rl, Rg)

ST Inck —Inck
z1(A21 — 22)(D1 — Da) (cfp)* — (cfp)?
z9H (1) Incky —Incl}
Zl(Dl DQ) (CIO )( (L17 L2) (R17 R2))
H(1) (In cfy — Incff)? ‘

Definition 4.17. Define three potentials VO, V. and V¢ by

. . d
To(Vo;0) =0, Ti(Vis A, 0) =0, aTl(VC A,0) = 0.

It follows from the definition that

Proposition 4.18. The potentials Vo, Ve and V¢ have the following expressions

kTUgo(Ll,LQ,Rl,Rz)

€ Ugl(Ll,Lg,Rl,Rz)’
kTUlo(Ll,Lg,Rl,RQ;)\)

¢ (& 011(L1,L2,R1,R2;)\)7
kT o10,7(L1, Lo, R, Ro; A)
e o11.a(L1, Lo, Ri, Ry A)

V

>

e -
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We have the following scaling laws:

Theorem 4.19. For any s > 0,

o00(sLy,sLa, sR1, sR
o01(sLy,sLa, sRy, sRo
o10(sLy, sLa, sRy1, sRa, A
o11(sL1,sLa, sRy, sRa, A

=s000(L1, L2, Ry, Ra),
=s001(L1, L2, R1, R2),
=s?010(L1, L2, R1, Ra; A),
=s5%011(L1, Lo, Ry, Ra; \).

O e —

As a consequence, To(V';0) scales linearly in boundary concentrations and T (V; A, 0)
scales quadratically in boundary concentrations, and the values Vy, V. and V¢ are
invariant under scaling in boundary concentrations. ]

Theorem 4.20. Suppose OyT1(V;\,0) >0 (resp. OyT1(V;\,0) <0).

IfvV >V, (resp. V < ‘7(;), then, for small € > 0 and d > 0, the ion sizes enhance
T; that is, T(V;e,d) > T(V;e,0);

IfV <V, (resp. V > Vc), then, for small € > 0 and d > 0, the ion sizes reduce
T; that is, T(V;e,d) < T(V;e,0).

Theorem 4.21. Suppose 9%, T1(V;,0) > 0 (resp. 82, T1(V;\,0) <0).

IfV > Ve (resp. V < Vc), then, for small € > 0 and d > 0, the larger the
negatively charged ion the larger T ; that is, T increases A;

IfV < Ve (resp. 'V > VC), then, for small € > 0 and d > 0, the smaller the
negatively charged ion the larger T ; that is, T decreases \.

Corollary 4.22. Assume the electroneutrality conditions z1L1 = —zoLs = L and
21R1 = —29Rs = R, and L # R. Then

(Zng — Zng)(L — R) (D1 — Dg)(L — R) e

To(V30) = 212 H(1) H1)(InL —nR) kT’
. o (/\Zl - ZQ)(ZQDQ - ZlDl)(L2 - RQ) (1 - )\)(Dl - DQ)(L - R)2
n(ViA,0) = 2222H(1) " 2122H(1)(InL —InR)
(M1 = 22) (D1 — Do) (L — R)? <(L+ R)(InL-InR) 2) Ly
z2129H(1)(In L — In R)? L—-R kT
and hence,
~ _k£ (ZQDl - ZlDQ)(lIlR - lnL)
0= & 2122(D1 — DQ) ’
-~ kT A=1)(InL —InR)(L — R)
e A1 —2)|[(InL—-InR)(L+R)—2(L — R)]
kT (20D1 — 21D3)(In L — In R)*(L + R)
e 2122(D1 — D3)[InL —InR)(L + R) — 2(L — R)]’
‘A/C_k:T (InL —InR)(L — R)
" e z1|(InL—1nR)(L+R)—2(L — R)]
kT (20D1 — 21D3)(In L — In R)*(L + R)

‘e 2129(D; — Do)[InL —InR)(L+ R) —2(L — R)|’
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Note also that, under electroneutrality conditions,
e(Az1 — 22)(D1 — Do)(L — R)? ((L+ R)(InL —InR) .y
2120kTH(1)(In L — In R)? L—-R
(D1 = Do)(L—R)* ((L+R)(InL-InR) 5\ €
2oH(1)(In L — In R)? L—-R kT

vTi(V;A0) =—

AT (V3 A,0) = —
Proposition 4.23. Assume electroneutrality conditions z1L1 = —zoLo = L and
211 = —20R2y = R, and L # R. If D1 > D>, then

OvTi(V;A,0) >0 and 0%,T1(V;\,0) > 0;
if D1 < Do, then
ATV, 0) <0 and 0%,T1(V;\,0) < 0.

In either case, as R — L,

HvTi(V;X,0) = 0 and 9%,T1(V;\,0) = O((L — R)?).

Proof. It can be checked directly or follows from Theorem 4.7 and the relation (4.6)
between 17 and 3. O

In general, OyT1(V; A, 0) and 9%, T1(V; A, 0) can be negative (resp. positive) for
Dy > Dy (resp. D1 < D3). In particular, we have

Proposition 4.24. For z; = —29 = 1 and for any L > 0, R} > 0 and R5 > 0 with
RiR; = L?, as (R1, R2) — (R}, R3),

Dy — D)L

oyTi(V;\0) — ( IHO)R; (RT—L)((B+MNR] — (1+3NL). (4.8)

For Dy > Dy (resp. Dy < D3), the limit is negative (resp. positive) if

143X 143X
either L<R’{<3—:_7)\L for A>1 or 3_:_>\

As (R1, R2) — (RY, RS),

L<Ri<L for A<1.

Dy — Dy)L

8V)\T1(V;/\,0) — (4H(1)RT (R]k — L) (R]k — 3L).

For Dy > Dy (resp. Dy < D3), the limit is negative (resp. positive) if L < R} < 3L.
Proof. It follows from Theorem 4.8 and the relation (4.6) between T} and I;. O
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5 Appendix: The local hard-sphere model ;7% in (2.6)

We will derive the local hard-sphere model u>#% in (2.6) as an approximation for a

well-known nonlocal hard sphere model used in [43]. Recall that, for one-dimensional
space case, one has ([24, 62, 63, 64, 65, 66]) the following formula for the hard-sphere
(hard-rod) potential
002({c;})
HS J
. —r 5.9

where

Q({e;}) = / no(a; {e; D[l — ma (2 {e;})]da

3

2, {c;}) = Z/ Wi —a)de!, (1=0,1), (5.10)
7=1

O —y) —;—(S(ZC +7"3)’ wlj(:v) = 0O(r; — |z),

where ¢ is the Dirac function, © is the Heaviside function, and r; = d;/2 is the radius
of jth ion species.
In Lemma 4.1 of [43], it is shown that

W13 =~ 1—2/93:7 >(1‘§/x

KT o 3o — ) + @ +ry)

T+Ti+r;

cj (x’)dw’))

+ri—r;

- (5.11)
2 Jor, 1-3, fx,jrjj cj(z")dz"
For the first term
xr— n+7“j T+ +T;
ln 1 — Z/ "dx ) ( Z/ cj(:c’)d:c’)),
;T j T+T;—T;
we expand ¢;j(2') at 2’ =z
(@) = &(@) + ¢ (@) (@ — 2) + O((@' — 2)?)
This gives
xT—T; —H“J xT—T; +7°]
Z/ Ndx' —Z/ )+ (@) (2" — x) + O((a — x)?)) da’
T—Ti—T;j Ti—T;

zzj: <2rjcj(x) = 2rirjcj(x) + O <2W * z23T9>)
= 2rjej() +0(r%),

where 7 = min{rq, r2}. Similarly, one has
THTi+T;

Z/ cj(z')dz' = Z 2r;ci(x) + O(r?).
i e J

+ri—r;
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Therefore, the first term in z7%(z) becomes

_’fln((l_; [ ) 1_2 [ enan))

ri—";j T+ =T

_ M ((1- Z 2rje5(x) + O(*) ) (1 - Zercj(x) + O(ﬂ))) (5.12)
J
=—kTIn (1 - 227‘]-0]- x) + O(’I“2)).
For the second term

kT ot 32 (ci(a’ —rj) +cj(a’ +1j))
2 Jor, 1= f;,,:ﬂ:’ cj(x")dx"

/
X

we first expand the numerator of the integrand at x to get

Z(c](x —rj) +ci(a’ +rj) —22 cj(x) +¢j(x )(@' —x) + O((z — 2')?)).

J J

Expanding the summation term in the denominator first at 2’ and then at x, we have

x' 47 55""”]
Z/I // 2" Z/x +C ( )(x//_m/) +O(($//—$/)2)) dx”,

-y -7y

:Z QTjCj l’ + (7”3))
J
=221 (¢j(@) + (@)@’ = 2) + O((a = 2)°) + O(*)) .

Hence,

KT [ >oi(ei(@" —1j) 4+ cj(a’ + Tj))dac’ 7 2ri )2 cj(x)
2 Jari  1-— > f;/_t:] cj(a")dz" 1=22;2rjci(x)

+0(r?). (5.13)

Ignoring the higher order terms, the nonlocal hard sphere model p%(z) in (5.11)
with (5.12) and (5.13) gives the local hard sphere model 75 () in (2.6).
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