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Abstract

In this work, we examine the stationary one-dimensional classi-
cal Poisson-Nernst-Planck (cPNP) model for ionic flow — a singularly
perturbed boundary value problem (BVP). For the case of zero per-
manent charge, we provide a complete answer concerning the existence
and uniqueness of the BVP. The analysis relies on a number of ingre-
dients: a geometric singular perturbation framework for a reduction
to a singular BVP, a reduction of the singular BVP to a matrix eigen-
value problem, a relation between the matrix eigenvalues and zeros of
a meromorphic function, and an application of the Cauchy Argument
Principle for identifying zeros of the meromorphic function. Once the
zeros of the meromorphic function in a stripe are determined, an ex-
plicit solution of the singular BVP is available. It is expected that this
work would be useful for studies of other PNP systems.
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1 Introduction

In this work, we revisit the one-dimensional steady-state classical Poisson-
Nernst-Planck (cPNP) system for ionic flow studied in [31] by one of the
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authors. For n types of ion species, the cPNP model is, for k =1,2,--- ,n,

hic)ddx (W)di‘b) =— Zn:ascs - Q(z),

s=1 (1.1)
dJy, dey, d¢
2k hz) 2k )2 —
- , h(x) Ty T ok ($)dw Tk,
x € (0,1) with the boundary conditions
#0) =V, c(0) =1 >0; ¢(1) =0, cx(l) =1 >0, (1.2)

where the unknown variables are the electric potential ¢, the concentration
(number density) ¢, and the flux density J of the kth ion species. The
interval [0, 1] is the scaled one-dimensional ion channel with z = 0 and z = 1
representing the two open ends of the channel, €2 < 1 is a dimensionless
parameter, h(x) represents the cross-section area of the ion channel over x,
Q(x) is the permanent charge, and, for the kth ion species, aj # 0 is its
valence (number of charges per particle), [, and ry are its concentrations at
the boundaries (left and right baths).

An important quantity for characterizing ion channel properties is the
so-called I-V (current-voltage) relation defined as follows. For fixed l;’s and
r’s, a solution (¢, cg, Ji) of the boundary value problem (BVP) (1.1) and
(1.2) will depend on the voltage V only, and the current Z, the flow rate of
charges, is thus related to the voltage V by

7= zn:ast(V). (1.3)
s=1

A related quantity F, the flow rate of matter, is defined by

F= ijs. (1.4)
s=1

The purpose of this paper is to provide a complete analysis to the BVP
(1.1) and (1.2) with zero permanent charge @ = 0. For simplicity, we also
assume h(z) = 1. Roughly speaking, we will show that,

For Q = 0 and for e > 0 small, there is a unique solution of the BVP
(1.1) and (1.2) satisfying cx(z) > 0 for z € [0,1] and for 1 <k < n; in fact,
ck(z) >0 for xz € (0,1) if (I, %) # (0,0).

We remark that the cPNP system (1.1) is a simplest PNP type model for
ionic flow. It should become clear from the rest of the paper that the BVP



(1.1) and (1.2) even with @ = 0 is already quite involved. Yet, our study
shows rich properties of the problem, and its delicate and elegant path from
the conditions to its solution. We believe that the analysis provided in this
paper will become a fundamental step and be useful for further studies of
more sophisticated PNP models.

The research on ion channel problems, most using PNP type models,
becomes an extremely active area. We refer readers to the following partial
list [1, 2, 3,4, 7,8,9,10, 11, 13, 14, 15, 17, 18, 19, 20, 21, 23, 26, 27, 28, 30,
31, 32, 33, 39, 40, 41, 42, 43, 44, 47, 49, 50, 55, 56, 57, 58, 59] and references
therein for more details on ion channel problems, general PNP type models,
and some numerical and analytical results. The closely related semicon-
ductor problems have been extensively analyzed and are better understood.
For semiconductors, there are two (n = 2) types of ion species (electrons
and holes) involved but boundary conditions are more complicated and also
recombination rates are involved. For analysis of this problem, we refer
readers to [5, 6, 22, 34, 35, 36, 45, 46, 48, 51, 52] and reference therein.

In direct connection to results in this work, we mention those in [31] and
[54]. In [31], a geometric singular perturbation framework for the BVP (1.1)
and (1.2) with piecewise constant permanent charges Q(x) was developed,
extending that in [11] where two ion species was considered. Two special
features underlined in the nonlinearity of the problem were identified which
play crucial roles for the geometric construction of a solution: a complete set
of first integrals for the limiting fast system and a blow-up for the limiting
slow system together with a nonlinear rescaling. As the result, the problem
of existence and uniqueness of singular orbits for the BVP (1.1) and (1.2)
is reduced to that of a system of algebraic equations. In Example 5.1 in
[31], for n = 3 and @ = 0, coexistence of a spatially monotone solution
and a spatially vibrating solution was claimed. Unfortunately, the spatially
vibrating solution is not physical since it yields negative ion concentrations
over a certain spatial region, as correctly pointed out in a recent work [54].
The authors of [54] also considered the problem with @ = 0. They applied
the classical asymptotic expansion approach and provided a better reduction
of the zeroth order problem to a scalar transcendental equation. Based on
the reduction, for n = 3, they established the existence and uniqueness
result for the BVP (1.1) and (1.2).

The result on existence and uniqueness for a general n established in this
paper is clean and sounds simple but the proof is highly nontrivial. There is
a number of difficulties that one has to overcome. For example, the region
{cx > 0, 1 < k < n} is NOT invariant; indeed, there are infinitely many
solutions of the reduced BVP but only one satisfying c(x) > 0 for « € [0, 1]



and 1 < k < n. The actual proof presents a thorough understanding of the
problem. To provide a guideline for readers, we summarize the main steps
of our proof and the organization of the paper below.

(1)

First of all, we apply the geometric singular perturbation framework
to reduce the BVP (1.1) and (1.2) to a singular connecting problem.
With the help of a special structure of the problem at hand, the sin-
gular connecting problem is shown to be equivalent to: determining a
(column) vector f € R™ so that,

(i) for the matrix D(f) =T — fb’, where I' = diag {a1,az,...,an}

and b = (a2,a2,...,a2)T, one has
R=¢"PUL
where L = (I1,1a,...,1,)T and R = (r1,72,...,m0)";

(ii) for C(1) = e¥PUITL € R™, 7 € [0, 1], one has
(1) >0 for k=1,2,...,n.

This reduction had been done in [31] for a general setup and is reviewed
in Section 2 for the case with () = 0 considered in this paper.

The study of the reduced problem in (1) is naturally carried out in two
steps. We first focus on the sub-problem (i). Making use of the special
structure that D(f) is a diagonal matrix minus a rank one matrix,
we examine the relation between the vector f and the eigenvalues of
D(f). This has been well studied in the standard pole placement
problem (see, e.g. [37, 38] and references therein). The most relevant
result is that the vector f can be explicitly expressed in terms of the
eigenvalues of D(f) and a matrix G that transforms D(f) similarly
to its Jordan form is also explicit in terms of the eigenvalues (Section
3.1). An important observation is that the eigenvalues of D(f) so that
R = eYPU)L are determined by zeros of a meromorphic function 9(2)
defined in terms of V, ay’s, L and R (Section 3.2). The function g(z) is
equivalent to the transcendental function appeared in [54]. In Section
3.3, by an application of Cauchy Argument Principle, we are able to
determine the number and the location of zeros of ¢g(z) with sufficient
information. It turns out that there are infinitely many choices for f
so that R = VP L,

In Section 3.4, we show that, to meet also the requirement (ii) in (1),
the vector f is unique, which then provides a unique singular orbit.



Several properties of the singular solution are discussed in Section 3.5.

(3) In Section 4, we prove that, for e > 0 small, there is a unique solution of
the BVP (1.1) and (1.2) in the vicinity of the singular orbit constructed
above. This is accomplished by establishing a transversal condition
that depends on detailed information on the singular orbit.

2 The geometric singular perturbation framework
for the BVP and a reduction.

2.1 Problem setup

A geometric singular perturbation framework was developed in [31] that ap-
plies to a general setting for a reduction of the BVP to a system of nonlinear
algebraic equations. We will review the procedure for the present setting.
As stated in the introduction, we will study the BVP of cPNP systems with
n ion species and zero permanent charge (Q = 0. For simplicity, we also set
h(z)=1.

Denote the derivative with respect to = by overdot. The BVP (1.1) and
(1.2) becomes, for k =1,2,--- n,

e’ = — Za5687 ekt apepd = —Jy,  Ji =0, (2.1)

s=1

with the boundary conditions
$(0) =V, ¢x(0) =1l 2 0;  ¢(1) =0, cx(1) =1, > 0. (2.2)

Denote R = {y € R" : y, > 0 for k = 1,2,...,n}. A vector y € R"
will be treated as a column vector and the corresponding row vector is
denoted by y”. We will use the notion

C([L’) :(Cl(x)acQ(x)a e 7cn(x)>T7 J = <J17J27 T 7Jn>T7
L:(l17l27”' 7ln)T7 R:<7'1,7’2,"' 7rn)T-

We will assume
V>0, L%Oa R%()? (lk,Tk)%(0,0) for k=1,2,---,n, (23)

and the electroneutrality boundary condition

Zn:ozsls = Zn:asrs =0. (2.4)
s=1 s=1



Remark 2.1. (i) If (¢(x),C(x), J) is a solution of (2.1) and (2.2), then
(¢*(2),C*(x), J") = (¢(1 —2) =V, C(1 — ), —J)

is a solution of (2.1) with the boundary conditions
¢"(0) ==V, ci(0) =re; ¢"(1) =0, t(1) = L.

Thus, the assumption that ¥V > 0 in (2.3) does not lose any generality.

(ii) The assumption that (Ix, %) # (0,0) in (2.3) is made for simplicity
since, if {;, = r, = 0 for some k, then the BVP (2.1) and (2.2) can be reduced
by removing the kth components of C(x) and J. This assumption is only
used in Theorem 3.8.

(iii) The case where L = 0 or R = 0 corresponds to a terminal turning
point of the singularly perturbed BVP and it seems that the approach in
this paper cannot handle this case directly. ]

To continue, we will convert the BVP (2.1) and (2.2) to a connecting
problem (see, e.g. [11, 31] for PNP systems and [24, 25, 29, 53] for general
settings). Introduce u = ¢ and w = x. System (2.1) becomes, for k =
]-7 27 RN

n
5@5) =u, U= — Z QsCs,
o (2.5)

sék:fakckuf&]k, JZO, w=1.

As in [31], we will treat system (2.5) as a singularly perturbed dynamical
system with the singular parameter . The phase space is R?"*3 with the
state variable (¢, u,C, J, w).

Associated to the boundary value conditions (2.2), we introduce two
subsets By and B; of R?"13 ag

=V, C=L, w=0},
0, C =R, w=1}.

BO :{((ZSa u, C7 J? w)

Do
By ={(¢,u,C, Jyw) : ¢

Then, the BVP (2.1) and (2.2) is equivalent to the following connecting
problem: finding an orbit of (2.5) from By to B;. Such an orbit is called a
connecting orbit.

By a singular connecting orbit, or simply, a singular orbit, we mean the
zeroth order approximation in e of a connecting orbit. Therefore, a singular
orbit consists of connected orbits of the limiting slow system of (2.5) and of



its corresponding limiting fast system. Orbits of the limiting slow system of
(2.5) are called regular layer orbits and those of the corresponding limiting
fast system are called singular layer orbits such as boundary layers and/or
internal layers.

We will apply the geometric singular perturbation framework to analyze
our connecting problem. The general framework for connecting orbit prob-
lems consists of two main steps: (i) A construction of a singular connecting
orbit; (ii) An application of Exchange Lemma (see, e.g., [24, 25, 29, 53]) to
establish the existence and uniqueness of a connecting orbit near the singular
connecting orbit.

2.2 The singular connecting orbit problem and a reduction.

In this part, based on special structures of (2.1), the singular connecting
orbit problem will be reduced to an algebraic problem.

As shown in Section 3 in [31], with the electroneutrality boundary con-
dition (2.4), there is no boundary layers. (With the assumption @ = 0,
there is no internal layers either.) Therefore, a singular orbit is simply a
connecting orbit of the limiting slow system (2.5) for the present problem.

Note that system (2.5) is degenerate at ¢ = 0 in the sense that all
dynamical information on (¢, ¢y, - ,¢,) would be lost when setting ¢ = 0.
Following the treatment in [11, 31], we rescale the dependent variables by

introducing
n—1

U =€p, QpCp= — Z QsCs — 4. (2.6)
s=1

In replacing (u, ¢,) with (p, q), system (2.5) becomes, for k=1,--- ,n—1,

n—1

¢=p, ep=gq, e{= (Z(as — O Qs — fsanq)p +1,

pry (2.7)

b =—agerp—Jp, J =0, w=1,

where Z = | asJs is the current defined in (1.3). The sets Bz, and Bpg
become

Bo —{(gb,p,q,é' J,w) : d)zV,qu,ézﬁ,sz}, 2.8)
{(¢7p7Q7é JU)) ¢:0,q:0,é:R,w:1}, .
where [ = (I, 2y oy L), R= (r1,72, .oy Ta1) 7T, and C' = (c1,¢2,. .. cn1)T.

The condition that ¢ =0 at w =z = 0 and w = z = 1 follows from (2.4)



and (2.6). The connecting problem becomes: finding an orbit of (2.7) to
connect Bj and Bj.

Remark 2.2. Under the electroneutrality condition (2.4) and @ = 0 consid-
ered in this work, one can rewrite (2.1) to (2.7) directly. System (2.5) was
introduced in [11, 31] since its corresponding fast system is suitable for the
study of singular layers problem. The latter would present in the case that
either (2.4) is not assumed and/or @ # 0. In that case, both (2.5) and (2.7)
are needed. O

When € = 0, system (2.7) reduces to its limiting slow system, for k =
1,---,n—1,

n—1

=0, (Z(as - an)ascs>p +ZI=0,

pary (2.9)

45:10, cp = —agpey, — Jp, J=0, w=1
The algebraic equations define the slow manifold S (see, e.g. [24]),

z
8 = = — 5 = O . 2.10
{p 22;11 (as - an)ascs 1 } ( )

The corresponding fast system of (2.7) is, for k=1,--- ,n—1,

n—1
¢ =ep, P'=q, ¢ = (Z(as — Q) asCs — mnq)p +1I,
s=1
¢, =—cagep —eJy, J =0, w =¢,
and its limiting system at e =0 1is, for k =1,--- ,n — 1,
n—1
gb, =0, p, =4q, q/ = (Z(as - an)ascs)p +Z,
= (2.11)

=0, J' =0, w=0.

The slow manifold S is the set of equilibria of (2.11) and the linearization
at each point on S has (2n+1) zero eigenvalues and the other two eigenvalues

are i\/ S Has — an)ascs. The (2n + 1) zero eigenvalues reflect the fact
that S is the set of equilibria of (2.11) and dimS = 2n + 1. The other

two eigenvalues are the so-called normal eigenvalues associated to the slow
manifold §.




An important observation is that, on the slow manifold S where ¢ = 0,
or equivalently, Y | ases = 0 from (2.6), one has

n—1 n
Z(a — Qp)QsCs = Z ascs — Qp Z QsCy = Z agcs. (2.12)
s=1 s=1

Since ci’s are concentrations of ion species, We will be interested in solutions
with ¢, > 0 for k = 1,2,--- ,n and > 104 cs > 0. Note that > 7 1a Cs
is positive at * = 0 and x = 1 due to C(0) = L # 0 and C(1) = R # 0
assumed in (2.3). Therefore, the slow manifold S is normally hyperbolic; in
particular, it persists for € > 0 small (see, e.g, [12, 16]).

On the slow manifold S, system (2.9) reads, for k =1,2,...,n—1,

. T
o=- n—1 )
Zszl (045 - an)ascs
A
Ck =57 agcr — Jg, (2.13)
23:1 (as - an)ascs
J =0, w=1.

The next result follows easily from (2.13). The proof will be omitted.

Proposition 2.1. Let (¢(z),C(x), J,w(z)) be a solution of (2.13) and let
anen(z) = =" ages(x).  Suppose (4(0),C(0),w(0)) = (V,L,0) and
(p(1),C(1),w(1)) = (0,R,1). If S0 a2cs(x) > 0 for x € [0,1], then,
Z and V have the same sign; in particular, T = 0 if and only if V = 0. If
V =0, then the solution is given by, for x € [0, 1],

¢(x)=0, C(x)=(1—2z)L+zR, J=L— R, w(x) ==z

In the sequel, due to (i) in Remark 2.1 and Proposition 2.1, we will
consider the case where V > 0, and hence, Z > 0.

Recall the relation (2.12). If we multiply VI~ 32" (as — ap)ascs(z) on
the right-hand-side of system (2.13), the phase portrait remains the same —
this is equivalent to a solution-dependent change of the independent variable.
In term of the new independent variable, say 7, system (2.13) becomes, for
k=1,2,....,n—1,

n—1

d d

E(b =—V, Eck = Vayer — VI~ L, E (s — ap)ascs,
s=1

(2.14)

d 1
EJ =0, w—VI Z s — Qp)QsCs.



It should be emphasized that system (2.13) is equivalent to system (2.14)
if and only if >°7_; a2y > 0.

In [31], an analysis for the BVP was conducted directly on system (2.14).
In this work, we reformulate (2.14) so that ¢, will be treated equally as
€1,...,cn—1. Use the identity (2.12) and system (2.14) to get

d N o
%cn =Vapc, — VI, L ; azes(T).

Combining this equation with (2.14) one has

digb:—v, diC:VDC, > awes =0,
T T =1 (2.15)
d d
ey U el — I—le
=0, —w=YV C,

where the matrix D, depending on the unknown J, is given by

D=T-7'Jp"

with I = diag {a1,a2,...,0,} and b= (a2,a3,...,a2)T.
Remark 2.3. Given an orbit (¢, C, J,w) of (2.15), one can determine a sin-
gular orbit (¢, p,q,C, J,w) of (2.7) with (p,q) in (2.10). O

Concerning the matrix D, we have

Lemma 2.2. Denote e = (1,1,...,1)7 and set

T and yo:F_lJ:(Jl/ozl,Jg/ag,...,Jn/an)T.

ro =Tle= (a1,a9,...,0an)
Then, a:gD =0, Dyp =0, xgyg =F, and
e'D=af —FI 'V,

where F =Y""_, Js is the flow rate of matter defined in (1.4).
In particular, zero is an eigenvalue of D, and it is a simple eigenvalue
if and only if F #0. If F =0, then el is the first left generalized vector of

D associated to the zero eigenvalue.

Proof. Tt can be checked by a direct calculation. O

10



If we multiply 27 from left to the C-equation in (2.15), we get that
Yoo ascs is a constant. This, together with Y ", ascs = 0, shows that
(2.14) and (2.15) are equivalent.

Once J is known, so is D, and the solution of (2.15) with (¢, C,w) =
(V,L,0) at 7 = 0 would be explicitly given by

o(r)y=v -1V, C(r)= e’PTL, w(r) = VI ! /T bTC(z) dz. (2.16)
0

To connect By to Bji, it requires (¢(70), C(10),w(70)) = (0, R, 1) for some
7o > 05 that is, from (2.16),

1
=1 R=¢"PL TI= v/ bleVPA L dz. (2.17)
0

The singular connecting problem is reduced to problem BVPg: for L
and R satisfying (2.3) and (2.4) and V > 0, find f = T-'J € R"™ so that
(i) D= D(f) =T — fb" solves

R=¢e"PL; (2.18)

(ii) for 7 € (0,1), C(7) = e¥PTL has NO negative component.

Remark 2.4. Once f = Z7'J is determined, a singular orbit (¢, C, J,w) of
(2.15) and (2.8) can be uniquely determined from (2.16), (2.17) and the
relation J = Zf. It remains to verify that ) ., asJs = Z for consistence.
Indeed, from the last equation in (2.17) and fb” =T — D, one has

1 1 1
J=If=V / foreYP*Ldz =y / LeVP*Ldz -V / DeYP*L dz
0 0 0

1 1 1

d

_v/ FeVDzLdz—/ eVDzLdz—V/ re¥P*Ldz— R+ L.
0 o dz 0

It then follows from (2.4) that 37, axJs = V [ bTeVP*Ldz = T. O

3 The reduced singular connecting problem BVP,,.

In this section, we will provide a complete solution to the reduced singu-
lar connecting problem BVPy in (2.18) in a slightly general setting; more
precisely, we assume

11



(A1) aq,,...,q, are real and distinct, I' = diag{ai, a9, -+ ,a,}, and
b= (by,ba,...,b,)" € R" with b, > 0 for k=1,2,...,n;

(A2) L,R € R" with L # 0 and R # 0, and Iy, > 0 for any k; V > 0.

Our main problem in this section is:

Assume (A1) and (A2). Determine f € R" so that, if (1) = eVPU)TL,
where D(f) =T — fbT, then

(P): (i) R=e"PUL; (i) cp(r) >0 for 7€ (0,1). (3.1)

Comparing to assumptions for BVPgy, we comment that, for problem
(P), ay’s are not assumed to be integers, by = a% is not assumed, L and R
are not assumed to satisfy (2.4).

Our analysis on problem (P) will be accomplished through several steps.
In §3.1, we discuss relations between the vector f and the set of eigenvalues
of D(f). In §3.2, the determination of f satisfying only R = eYPU)L is
reduced to that of zeros of a meromorphic function g(z). The number and
the location of zeros of g(z) are examined by an application of Cauchy
Argument Principle in §3.3. It turns out, there are infinite choices for f so
that R = ¢VP) L. However, with the extra requirement that, for C(r) =
eVPUITL, ¢p(1) > 0 for all k and for 7 € (0,1), problem (P) has a unique
solution. The latter is established in §3.4.

3.1 Relation between f and eigenvalues of D(f)

For a given vector f, the set of eigenvalues (always counting multiplicities)
of D(f) is uniquely determined. We will find that a prescribed set of n
eigenvalues for D(f) will determine a unique vector f as well.

The matrix D(f), more precisely DT (f), arises from the standard pole
placement problem (see, e.g., [37, 38]). Suppose the eigenvalues of D(f)
are given. Then f is unique and the closed-form formula for f can be
derived. The spectral decomposition of D(f) can be explicitly formulated.
The following results can be derived essentially from [37, 38].

Theorem 3.1. Suppose Ai,...,\, are distinct eigenvalues of D(f) with
algebraic multiplicities s1,. .., s, (therefore, sy + sa+ ...+ s, =n). Then

1 P _A Sk
fi=— [l (05 = M) for j=1,2,...,n, (3.2)

j ngkgn,k;éj(aj — )

12



and

D(f) = G7'AG, (3.3)
where
Aj
= IRV
A= , A= . ; (3.4)
A .
P 1 J Sj ><8j

Vi

Vs
G = . B =:VB, (3.5)

Vo

with B = diag {b1,...,bn}, and, if \; & {a1,02,...,an}, then

1 1 1

alf)\j azf)\j e anf)\j
‘/} — (0‘1_'>‘]')2 (a2_'>‘j)2 o (a"_'>‘j)2 (36)
T
(a1=X;)%7  (a2=X)% 77 (an—A;)%
and, if \j = oy, for some k, then
i 0 e 0 -1 0 o 0
1 0 1 1
o —ay T ak—llfak Q41— T an—ag
Vi = (a1 —ay)? T (ap—1—ap)? (apy1—ap)? T (an—ay)?
1 ' 1 : 1 ' 1
L (1—ap)® ™" T (1)t (aprri—ar)™" 7 (am—ag)®i !
(3.7)

Proof. The formula (3.2) can be found from the proof of [38, Theorem 2.1]
with the assumptions b; = 1 and \; & {a1,...,qy} for j =1,...,n. Here
we provide a different proof with the condition b; #0 (j = 1,...,n) only.

13




Note that the characteristic polynomial of D(f) is

p n
[T = M) =det(AT =T + fb7) = det(AT — r( +Zkbfs)

k=1 s
- =~ b fs
:,E()\_ak)<1+§)\—as> (3.8)
:H(A_O‘k)'{'zbsfs H (A_ak)
k=1 s=1 k=1k#s

For each j, evaluate (3.8) at A = o to get

[y (= Ak)™

bf = )
T Mhckenpszs (@i — o)

which gives formula (3.2) for f;.

The formula (3.6) for Vj; in (3.5) can be derived from the general formula
given in [37, Theorem 2.3] for DT (f) with A =T.

In case that \; = ay, for some k, let A\;j(6) = ax + 6 be an eigenvalue of
D(f(6)) with algebraic multiplicity s; where f(¢) is determined by (3.2) with
only A; replaced by A;(6). For sufficiently small § # 0, A;(5) & {a1,...,an}.
Thus,

NSOV (6)B = V() B(T — F(5)7), (3.9)
where A;(0) and Vj(9) are obtained from A; and V; with A; replaced with
Aj(6). Define

Vi(0) = (Aj(6) — ar)V;(6).

Then

1 1 1

5 alfockfzg tte jé e Oénfakfé

_ 15 Crerer AR = IR PI v
Vi(6) = T .

1 1 1
and one can show

lim V (0) =V,

6—0

where Vj is defined in (3.7).
Since Aj(6) and A;(d) — oy commute, by multiplying A;(0) — oyl to
(3.9) from left, one has

Aj()V;(8)B = V;(8)B(I' — £(8)b").
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By taking § — 0 and using the fact that f(d) is a continuous function, we
finally have
A;V;B =V;B(T — fb").

The matrix G defined in (3.5) is invertible if all A; & {a, ..., an} ([37]).
It can be proved that G is still invertible when some eigenvalues are equal
to some ay, since after deleting the rows and columns in G on which the
entry —1 in Vj defined in (3.7) locates, the resulting matrix has the same
structure as the former case. O

Remark 3.1. (i) If D(f) = T' — fb" has n distinct eigenvalues, then the
matrix V is the Cauchy matrix associated to a;’s and A;’s.

(ii) If A; is an eigenvalue of D(f) with algebraic multiplicity s;, then
D(f) has a single s; x s; Jordan block associated to Aj;.

(iii) It is obvious that if \; = «y, for some k, then f;, = 0.

(iv) The formula (3.1) gives an explicit dependence of f on eigenvalues
of D(f). Based on (3.8), if f; # 0 for all j, then the eigenvalues of D(f) are
the zeros of the secular equation

n

1+ Zl /\bjf;S =0.

Thus, in general, the dependence of eigenvalues on f is implicit. This is
the reason that, in the sequel, the problem will be examined in terms of
eigenvalues of D(f) as in [54] instead of f as in [31]. O

3.2 A meromorphic function and its relation to R = VP L.

We now incorporate the condition (i) R = e"PU)L of problem (P) posted
in the beginning of this section.

For the given L, R, a’s, b and V in (Al) and (A2), let g: C — C be
the meromorphic function defined as

" br Vo= Dl
g(z):;akz—e kzlakz (3.10)
Set
P1 :{k‘é {1,...,n} :rg #eva’“lk},
Po :{k‘é {1,...,n} :rg :eva’“lk}.
Then, P; and Po form a partition of {1,2,...,n}, that is,

PiNPe=0 and {1,...,n} =Py UPs.

(3.11)
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Lemma 3.2. The function g(z) can be expressed as

9(2) = g91(2) + 92(2)

where

n) = Y BT g g 3 el ),

A — 2 X — 2
kePy k kEPs k

For k € P1, z = ay, is a simple pole of g(z), and, for k € Pa, z = ay, is
a removable pole of g(z). In fact,

[o¢]
Virlpery (2 — ag)®
= 3 3V
kePy s=0

s analytic.

Proof. The formula for g2(z) can be simply obtained by

06 =Y bk(rzk—_e:zzk) -y bkrk(e:(j:;c) -1)
keP2 kEP2
B Z i Vir-bere(z — ag)®
s EDE
The rest statements are clear. O

Recall that z = X\ € C is a root of g(z) = 0 with multiplicity s > 1 if
g\ =g (V) =...=g" V() =0 and g ()) £0.

Our next result establishes a direct relation between the eigenvalues of
D(f) with the zeros of g(z) in order to satisfy R = e¥PU) L,

Theorem 3.3. Let A\i, g, ..., \, be distinct eigenvalues of D(f) with al-
gebraic multiplicities si, s, ..., sp, respectively. (So f is defined by (3.2).)
Then the matriz D(f) = T — bl satisfies R = VPO L if and only if, for
each j=1,2,...,p,

(a) if \j € {a1,...,an}, then \j is a root of g(z) = 0 with multiplicity at
least s;;

(b) if \j = ay, for some k, then r, = eV, and hence, k € Pa; further-
more, if s; > 1, then z = ay, is a root of g(z) = 0 with multiplicity at
least s; — 1.

16



Proof. Tt follows from (3.3) that
GR =" GL.
and hence, for each j =1,2,...,p,
V;BR = VNV, BL. (3.12)
From (3.4), it is easy to compute that

1
1% 1
VA; '

VA — VN

Vijl

If \j € {a1,...,a,}, then, by comparing the components on both sides
of (3.12), one has

n n

biT ROV bklk
D v Z o -

k=1
" " bl " bl
Z krk =N (VZ kk)\,+ kk)\.2>,
Gl i e R C )
n n (3.13)
b/ﬂ“k BVAJ u Vs—4 brly
(g — Aj)° < (s = ) = (k= Aj)9’
. bkrk VN > ysice O brly
— (o — Z q)! ; (o = A0

For the function g(z) defined in (3.10), the display (3.13) implies that
g\) = g'N) = .. =g V() = 0;

that is, A; is a root of g(z) = 0 with multiplicity at least s;.

If \j = ay, for some k, then V}, is given by (3.7). The relation rj, = eVak],
follows from the first component on both sides of (3.12). If s; > 1, then, by
comparing the rest of components of (3.12), we have

glar) = ¢ (ag) = ... = g% 2(ay) = 0.

17



Hence, beside the relation r, = €Y%, z = ay, is a root of g(z) = 0 with
multiplicity at least s; — 1. O

Remark 3.2. (i) Even if r, = eV, for some k, as we will see in §3.3 that
the number oy needs NOT to be an eigenvalue of D(f) to have R = ¢YPUL,
If oy, is a simple eigenvalue of D(f), then r, = eV, but az may or may
not be a root of g(z) = 0.

(ii) Concerning the statement on the multiplicity in (a) of Theorem 3.3,
it is possible that \; is an eigenvalue of D(f) of multiplicity s; while it is
a root of g(z) = 0 of multiplicity strictly greater than s;. Similar remark
applies to that in the statement (b). These observations are based on results
of locations of roots of g(z) in §3.3. O

3.3 Cauchy Argument Principle and zeros of g(z)

We will apply Cauchy Argument Principle to identify the number and the
location of zeros of the function g(z) defined in (3.10). Recall,

Cauchy Argument Principle: Let h(z) be a meromorphic function in
Q C C with the zeros zj and the poles pi. Then,

o | e - >nin5) = o

k

for every cycle ~ which is homologous to zero in Q and does not pass through
any of the zeros or poles. Here n(7y,a) is the winding number of v about a.
For the meromorphic function g(z) defined in (3.10), we have

Lemma 3.4. For each integer p, there is no zero zy of g(z) with Im(zy) =
(2p+ 1)m/V.

Proof. We write g(z) = R(z) +il(z) where R(z) and I(z) are real-valued.
It follows from the definition of g(z) in (3.10) that

=3 e

— (ap — )% + ¢

- eV‘”(cos(Vy) Zn: (bkl’f(akx) — ysin(Vy) Zn: bklk )

= (o — x)* + 9 — (o —x)* + 9
. biTk
I(z) = Kk
(Z) y};(ak—ﬂf)2+y2
, " bl (o — ) - byl
Vz kUk\XE klk
- vy) o EECR S v k).
(s 3 e e Y )
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For any integer p, let z = x + iy, with y, = (2p + 1)7/V. Then, y, # 0,
sin(Vy,) = 0 and cos(Vy,) = —1, and hence,
n

= biry v brlk
I(z) = D DL E—
O=w(X gt )

k=1 k=1
Therefore, g(z) # 0 if Im(z) =y, = 2p + 1)7/V. O

Now, for any integer p > 0, define the (open) stripe .S, in C as
Sp = {z =xr+iy: y € (— 2p+ 1)w/V,(2p + I)W/V)}.

Recall the definitions of P; and Ps in (3.11). Let m be the number of
elements in P;. Then (n — m) is the number of elements in P,. It follows
from Lemma 3.2 that g(z) has m simple poles at ay’s for k € P;.

Theorem 3.5. The meromorphic function g(z) has infinitely many zeros.
More precisely, for each integer p > 0, g(z) has exactly m+2p zeros (count-
ing multiplicity) in the stripe Sp; in particular, g(z) has exactly m zeros
in the stripe Sy and, for any p > 1, g(z) has exactly one pair of complex
conjugate zeros in S,\Sp—1, one in each connected component.

Proof. Note that g(2) = g(z). Thus, complex zeros of g(z) must be in
conjugate pairs.

We now consider zeros of g(z) in each stripe .S, for any integer p > 0.
Let z = x +dy. For a > 0, consider the rectangle B, , bounded by lines
x ==a and y = £(2p+1)7/V. We will take a > max{|o;| : j =1,2,...,n}
so that the m poles ay’s for k € Py of g(z) are always contained in By .

By the Cauchy Argument Principle, the number of zeros of g(z) in the
rectangle B, is

/
Nap = % A gg((j)) dz +m, (3.14)
where I' is the boundary of the rectangle B, , oriented counter-clockwise.

We now fix an integer p > 0 and denote y, = (2p + 1)7/V.

Write N, p = ng—i—Nlﬁp +m where Ny, is the sum of integrals in (3.14)
over the two vertical segments of I' and ng is that over the two horizontal
segments; that is,

Nv -1 yp<’((a+iy) 9’(—a+iy)>dy,

a+1iy) g(—a+1iy)
ho _ 1 ¢ (g (z—iyp) _ 9'(z +iyp) da
“P 9 g g(x + iyp) '

—~
8
|
.
S
SN—
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We will estimate the term N, first. Note that
n n n
brTk brlk brlk
/ Vz Vz
= - -V .
YO=2 e w2

For the fixed p > 0 and for y € [—(2p + 1)7/V, (2p + 1)7/V], one has, as
r=—a— —00, e¥* — 0 since V > 0, and hence,

_bare

ORI PY SN e

—_— —bk’r‘k ﬁ O.
g(Z) Zkfl ap—z

On the other hand, as x = a — 0o, one has |[¢¥?| = e

9'(2)

Va 5 50, and hence,

9(2)
We thus conclude that
1 Yp
lim N, = — Vdy =2p+ 1. (3.15)
a—00 27r i

We now work on the other term N/ . It follows from y, = (2p + 1)7/V
that e¥E@vp) — —_eVZT Thus

n

M:

bkrk v brly,
9w £iyp) = (o — ) F iy e wz(ak—fvﬁiy’
=1\ P k=1 P
g (x +iy,) —i Ok
P — (o — ) F iyp)?
n m
bil bil
Vz klk klk
+e ( - +V —.>,
2 (. — ) F iyp]? 2 (o — ) Fiyp

k=1 k=1

and hence, from ¢(z) = R(z) +il(2),

Ry (z) :==R(x tiy,) =

bry(ay — x) Leve zn: (bklk(ak — )
=1

(ak —2)* + 3 — (o — ) +yp

n n

. bkrk ) bklk
Ii(z) :=I(zx £ iy,) = + ( e+ V" —)
2 () =1 (x £ iyy) = £y, ; ot e kZZI (a2 +
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Let ¢'(z) = R'(z) +4I'(z). A direct calculation yields

n bkrk[(ak — a:)2 — yg]
2 (o — ) + y2]?
N SLICECET B SV

2
— [(ox —2)* +y; — (o —2)* +y;

R (z) :=R'(z £ iy,) =
k=1

n

) brrk ak—x)
I (x) =T (x+i =32
+(z) =I'(z Liyy) ypz (o — 22 1 42

- bklk(ak — x) Vv a bl
+ 2y,eY” + S L S
Ype Z [k — 2)% + 422 Vype Z (ak —2)2 1 42

k=1 k=1
Since
g'(xtiyy)  Ry(2)Ri(z) + I (2) I+ (x) Z.I’i(l’)Ri(%) — R (2) [+ (z)
g(z £ iyp) Ry(x)? + IL(x)? Ry(2)2 + I (x)? ’

and NV, , and Néﬁp have to be real, the real part in the above expression will
not contribute to ng. By using the additional fact that

Ri(z) = R_(z), R\ () = R_(2), Ii(2) = —I_(x), I', (z) = —I'(2),

we have
b 1 (I’_(x)R () = R_(z)I-(z) I\ (z)Ry(z)— Rﬂr(x)f+(w))dm
“wP " or R (x)2 +1_(x)? Ri(z)? 4 I+ (x)?
1 / LR~ Ry @)L)
T J a Ry(x)? + Ly (2)? .

Note that R/ (z) and I’ (z) are indeed the derivatives of R4 (x) and I (x)
with respect to z. Note also that I (z) = I(x + iyp) # 0. Therefore,

I (@) R (2) = Ry ()T () _ Iy ()R (5) = Ry (0)I(z)  Ii(2)?
Ry(2)? + I (x)? I (z)? Ry(2)? + I+ (2)?
—@iéj)))/ = <arctan R+(ac)>/'

I (x)

Hence,




Based on simple observations, one has

Ri(a) = —o00 and lim M = 00.
a—o0 I (a) a—o0 I (—a)
Therefore,
lim N, = —1. (3.16)

a—00

Finally, combining (3.15) and (3.16), one has

lim Ng,p :ali_{goN;’p—i—alggoNﬁp—i—m: 2p+1)—14+m=2p+m.

a—0o0

We conclude that, for each integer p > 0, g(z) has exactly m + 2p zeros in
the stripe S,,. The other statements then follow directly. O

3.4 Solutions of problem (P) in (3.1).
First of all, as a direct consequence of Theorems 3.3 and 3.5, we have

Theorem 3.6. There are infinitely many ways to choose the eigenvalues of
D(f) to satisfy R = eYPU)L.

Furthermore, if the eigenvalues of D(f) are restricted in the stripe Sp,
then the choice is unique. They are all the m zeros of g(z) in Sy together
with all the (n — m) removable poles ay’s for k € Pa.

We now impose the condition that, for C(7) = e¥PI)7L,
k(1) >0, Vre(0,1) and k=1,2,...,n. (3.17)

We will establish the uniqueness result for problem (P) first.

Theorem 3.7. Assume (A1) and (A2). If C(1) = VP L satisfies C(1) =
R and (3.17), then all the n eigenvalues \;’s of D(f) must be in the stripe
So. Hence, problem (P) has at most one solution.

Proof. If all the n eigenvalues \;’s of D(f) are in the stripe Sy and R =
VP L, then, from Theorem 3.6, the choice is unique. Suppose, on the
contrary, that A\; & Sy for some eigenvalue A; of D(f) so that [Im()\;)| >
7/V. From Theorems 3.3 and 3.5, A; must be a simple zero of g(z). Using
(3.3), one has, for 7 € (0,1),

n n

b il
3 bre(m) _ onyr Py} (3.18)

ap — N ap — N
=1 kTN h—1 kT
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Since [Im(A;)| > 7/V, there exists 7; € (0,1) so that [Im(7;A;)| = 7/V. If
we set A = 7;\;, then [Im(\)| = 7/V and, from (3.18), A is a root of

n n

b ; bil
3 kCk(T5) B L —
= T — 2 = T — 2
This contradicts to Lemma 3.4 with p = 0 since ¢x(7;) > 0. O

We now show that C(7) = ¢”PU)7L, determined by the unique choice of
eigenvalues in Theorem 3.7 does satisfy (3.17).

Theorem 3.8. Assume (A1), (A2) and (Ix, 1) # (0,0) for k=1,2,...,n.
Suppose the eigenvalues of D(f) so that R = eVPUL are chosen in the stripe
So. Then C (1) = eVPWNTL satisfies (3.17). Furthermore, fork =1,2,...,n,
ck(7) >0 for 7 € (0,1).

Proof. We denote the n eigenvalues of D( f) from the stripe Sy as 1, 82, - . ., On
where (31, B2, ..., Bm are the m zeros (possibly repeated) of g(z) in Sp and,
for m +1 < k < n, B = o for some j € Py. It is possible that, for some
lgkgm,ﬂkG{ajtjE’Pz}.

For C(7) = e"PUTL we set
A={r€(0,1): ¢j(s) >0 for j=1,2,...,n and for 0 < s <T7}.

We will show that A = (0,1) in three steps.
Step 1. First of all, it is clear that A is open and connected.

Step 2. Next, we show that A # 0. If ¢;(0) = I; > 0 for every j, then, by
continuity, we have, for 7 > 0 small, 7 € A. Suppose [; = 0 for some j, say,
l, = 0. If n € Py, that is, r,, = €Y*"l,,, then 7, = 0. This contradicts to the
assumption that (l,,,7,) # (0,0). Therefore, n € P;. To complete this step,
we will show that dc,,/dr > 0 at 7 = 0.

It follows from C(7) = eVPU)TL that

dey, B T
e (1) = Vapen(T) = Vb C(1).
Thus,
dey, T =
2 (0) = Vanen(0) = Vb C(0) = =V o ; bels.

23



Since V)", bsls > 0, to conclude that (dc,/dr)(0) > 0, it suffices to show
£, < 0. (3.19)
Note that, from (3.2),

:H;cnzl(an — Bk) erpz(a” — ag) [T (an — Br)

bn HZ;%(% — a) b [Tiep, ppnom — o) '

fn (3.20)

The sign of the denominator in the last expression of (3.20) is (—1)P
where p is the number of ay’s with k € P; that are larger than «,,. Without
loss of generality, we may assume that P; = {1,2,...,m — 1,n} and

Q1 >Qg > >Qp > Qp > Qpp] - > Qp—1.

For the sign of the numerator in the last expression of (3.20), we need to
determine the number of fi’s for k = 1,2,...,m that are real and in (o, 00)
since any pair of complex conjugate (’s provides a positive factor for the
numerator. Note that all the real fi’s are the real zeros of g(z). So we
only need to consider g(z) for real z. For a real zero S of g(z), if Bx < ay,
then the factor «;, — ;. in the numerator is positive; if 8 > «, and S
has an even multiplicity, then the factors associated to 8 provide an overall
positive factor for the numerator; if 8y > «a,, and Si has an odd multiplicity,
then the factors associated to [ provide an overall negative factor for the
numerator. Thus the number of negative factors in the numerator equals
the number of zeros of g(z) in (ay,c0) with odd multiplicities.

Let T be the total number of sign changes of g(z) for z € (a,,o0), let
Ty be the number of zeros with odd multiplicities of g(z) for z € (a,, ),
and let 77 be the number of sign changes of g(z) as z crosses the poles
aj € (an,00) for j =1,2,...,p. It is clear that T = Ty + T1.

Since I, = 0 and n € Py, we have r, # 0, and hence, r, > 0. We can
write ¢g(z) in (3.10) as

= bk Ve~ bl

k=1 k=1
n—1 n—1
_ _barn 3 OkTi__ ve 3 bl
oqn — 2 A — 2 A — 2
n k=1 K k=1 Ok

It is clear that g(z) — oo as z — oo. Note also that, as z — a;f, 2o — o0

n) ap—=z

and all other terms in g(z) stay bounded. Thus, g(z) — —ooc as z — ;. In
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particular, T" is odd. Now, near each pole a; € (v, 00) for j =1,2,...,p, it
follows from r; — eY%[; # 0 that, if g(2) — —o0 as z — oz;r, then g(z) — oo
as z = aj, and vise versa. Thus, near each such a pole o, g(z) changes
sign exactly once, and hence, 71 = p. Thus, Ty =T — p.

We emphasize that 1, 82, - , B contain all zeros of g(z) in the stripe
So, particularly, ALL real zeros (counting multiplicity) of g(z). Since T
is odd, we conclude that the sign of the numerator in the last expression
of f, in (3.20) is (—=1)T0 = (=1)P*L; that is, it is opposite to that of the
denominator of f,, and hence, f,, < 0. Therefore, A # (.

Step 3. Since A # (), we can set 179 = sup A. Then, 79 € (0,1]. If 7o = 1,
then A = (0,1) and the theorem is proved. Suppose 79 < 1. Then
ck(7) >0 for all k£ and for 7 € (0,79),
¢j(10) =0 and ¢j(79) <0 for some j, and (3.21)
ck(10) >0 for k # j and, for at least one k, cx(19) > 0.
We may again assume j = n. We will follow more or less the same argument
as in Step 2 to show that ¢, (79) > 0 to get a contradiction.

If n € Py, then «, is an eigenvalue of D(f) so that f,, = 0 from (3.2). It
then follows from

den

dr
that ¢,(r) = ¥ (7=T)¢, (15) = 0 for all 7 € [0,1]. This contradicts to
(In, ) # (0,0) in (2.3). Therefore, n € P;. It follows from (3.21) that

dey,

ﬁ(m) = Vancn(m0) — anbTC(TQ) =—Vfn Z bscs(1p) <0,

(T) = Vanen (1) = Vb C(T) = Vagea (1)

s=1
and hence, f,, > 0. It is also clear that f, # 0 since n € Py.

Next, we will apply the same argument as for (3.19) in Step 2 to show
fn <0 for a contradiction. In the argument in Step 2, l,, = 0 is critical for
the sign changing behavior of g(z) for z € (ay,,>0). Here we need to replace
l, = 0 with ¢, (79) = 0 as follows.

It follows from C(7y) = e¥PU™L and R = VP L that

R = Y0=0PA) 0 (7). (3.22)
In the definition of g(z) in (3.10), if we replace L with C(7p) and V with
V(1 — 1), we get

n

n
hzim) = 3 Tk - 3 Brek(To) (3.23)

A — 2 oL — 2
=1 "k =1 Ok
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Recall that, for k = 1,2,...,n, Bk is an eigenvalue of D(f) as defined in
the beginning of the proof. In Theorem 3.3, if we replace the condition
R = eYPU) L with (3.22) and g(z) with h(z;7), then we conclude that, for
k =1,2,...,n, By is either a zero or a removable pole of h(z;7y). Note
that, if oy, is a removable pole of g(z), that is, 1, = €”**I, then fr = 0,
and hence, ci(7) = €Y7l In particular, 7, = ev(l_m)akck(m), that is, oy,
is also a removable pole of h(z;7p). It is easy to see that the converse is
also true. Hence, Bp41, Bm+2, - - -, Bn are precisely all the removable poles
of h(z;79), and b1, Ba, ..., Bm are necessarily zeros of h(z; 79).
Note that, for k =1,2,...,n, B € Sg where

So=S0(g)={z=a+iy: ye (—n/V,x/V)}

is the stripe associated to g(z). Associated to h(z;7p), the corresponding
stripe is

So(h)={z=a+iy: ye (—n/V(1 -7),7/V(1—1))}.

Since 0 < 79 < 1, So(g) C So(h), and hence, B; € Sp(h) for all k =
1,2,...,n. As established above, h(z;7y) has (n — m) poles. An applica-
tion of Theorem 3.5 then concludes that h(z;7y) has exactly m zeros in
So(h); most importantly, just as emphasized in the last paragraph in Step
2, B1, P2, ..., Bm (counting multiplicity) are precisely all zeros of h(z;7p) in
So(h), particularly, they include ALL real zeros of h(z; ).

It is clear that r,, # 0 since, otherwise, «;, would be a removable pole of
h(z;19) due to ¢, (70) = 0, and hence, it contradicts to n € P;. With r,, > 0
and ¢, (719) = 0, one can apply exactly the same argument for (3.19) in Step
2 to conclude that f,, < 0. The contradiction then completes the proof. [

Remark 3.3. (i) It is extremely important to note that the zeros 1, B2, . . ., Bm
of h(z;79) in (3.23) are all zeros of g(z) in the stripe Sp. But all other zeros
of h(z;7p) may not be zeros of g(z), and vise verse.

(ii) It seems that the proof in Step 3 only involves real zeros of g(z)
among fB1, B2, ..., Bm- It is actually not the case. It is worthwhile to explain
this in a detail for a better understanding of the proof. Suppose {f1, 52}
is a pair of complex conjugate zeros of g(z) in Sy(g). If one replaces this
pair by a pair {ﬁl, Bg} outside Sp(g), then there is the corresponding so-
lution C(7). Assume 79 € (0,1) is the corresponding value in (3.21) in
Step 3 for this solution C(7). Then, for 7 € [0, 7], one can define h(z; )
as in (3.23) with 79 being replaced by 7. It is clear that h(z;0) = g(z)
and f1, B2, B, ..., Bm are zeros of h(z;7) for T € [0,79]. By continuity and

26



Lemma 3.4, B3, ..., Bm € So(h(z;7)) and By, B2 are still outside So(h(z;70)).
An application of Theorem 3.5 to h(z; 7y) gives that there are two additional
zeros of h(z;71p) in So(h(z;79)). If these two zeros are real, then their lo-
cations may affect the counting of sign changes and the proof may not go
through in this case. In fact, this must be the case due to the uniqueness
result in Theorem 3.7. 0

3.5 The unique solution of problem BVP, and properties.

In this part, we consider the reduced problem BVPjg; in particular, we re-
call b = (a?,03,...,02)T. We first summarize the result concerning the

existence and uniqueness of solutions to problem BVPy in (2.18).

Theorem 3.9. Assume (2.3), (2.4) andV > 0. Problem BVPy in (2.18) has
a unique solution with a stronger property that for allk = 1,2,...,n, cx(7) >
0 for 7 € (0,1). The unique solution is attained when all the eigenvalues of
D(f) are chosen in Sy. In addition, zero must be an eigenvalue of D(f).

In particular, a unique singular orbit (¢,C, J,w) for the connecting prob-
lem (2.15) and (2.8) is obtained with cx(1) > 0 for 7 € (0,1) and for all
k=1,2,...,n.

Proof. The existence and uniqueness for problem BVP in (2.18) follows
directly from Theorems 3.7 and 3.8. The fact that zero must be an eigenvalue
of D(f) follows from b = (a?,a2,...,a2)T and the condition (2.4), given in
Lemma 2.2. One then obtains a unique singular orbit for the connecting

problem (2.15) and (2.8) from Remark 2.4. O
We now discuss several properties of the unique solution.

Proposition 3.10. Under the assumption that V > 0, for each 1 < k <mn,
the quantities Jy, and eVl — 1, have the same sign, i.e., they are either
both positive, negative, or zero.

Furthermore, if aJp < 0 (equivalently, are®Vl, < agry), then c (1) is
monotone; more precisely, if J > 0 (equivalently, e**Vl, > 1)) and ap < 0,
then cx(T) is decreasing, and, if Jy < 0 (equivalently, e®*Vl, < ry) and
ag > 0, then ci(7) is increasing.

Proof. The C-equation in (2.15) gives, for k =1,2,...,n,

d 1N~ 2
k= Vager — VI Jy ; ascs(T). (3.24)
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Thus, from the variation of parameters, for 0 < 7 <1,

akVT

cx(7) = € (),

where
p(T) =l — VIle/ e kYt Zagcs(t) dt.
0 s=1

Note that .
p’(T) = —Vl'*ljke*a’“w Z azcs(r).
s=1
Since Y"1, aZes(1) > 0 for 7 € (0,1), p/(7) and J; have opposite signs. So
(p(0) — p(1))Jx > 0 when Ji # 0 and p(0) — p(1) = 0 when J, = 0. The
conclusion follows from p(0)) = I, and p(1) = e~V

The monotonicity property of cx(7) follows directly from (3.24) since
V>0and Z>0. O

Tk.

Example 3.11. In this numerical example, we show that, if agJ; > 0, then
¢k(7) may NOT be monotone. In this sense, the conclusion on monotonicity
of ¢x(7) in Proposition 3.10 is sharp.

We choose (a1, ag, as, aq) = (=3, —1,4,1) with n = 4. For the boundary
condition (2.2), we take V =1,

1 2.207276647028657
12 8.829106588114627
L=CO)=| g | and R=C)~ | 1 oecr0141171448

3 13.979418764514806

Figure 1 shows the solution curves of C(x) = [e1(z), ca(®), c3(z), ca(x)]T
for 0 <z <1.
—0.102889
—0.098838
0.159516
—0.045568

The eigenvalues of VD(f) = D(f) (due to V = 1) are all in the stripe Sy
and are given by

J=1f~=T

A1~ —1.697052, A3~ 0.607600 &+ 0.5015127, A4 = 0.

Note that apJir > 0 for £k = 1,2,3 so that the monotonicity condition
in Proposition 3.10 is not satisfied. The plots in Figure 1 show that c¢;
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Figure 1: ¢; (solid curve) is NOT monotone; ca (dashed curve) and c3
(dashed-point curve) are decreasing; c4 (point curve) is increasing.

(solid curve) is NOT monotone but both ¢z (dashed curve) with as < 0 and
c3 (dashed-point curve) with ag > 0 are decreasing. The curve ¢4 (point
curve) is increasing that agrees with the implication of Proposition 3.10 since
agJy < 0 and ay > 0. O

Proposition 3.12. The flow rate of matter F is simply determined by

F= En: Iy — zn:rs. (3.25)
s=1 s=1

Proof. From dC/dr =VDC and ). ; ascs = 0 in (2.15), one has
d n n 3 3
o Zl s = vzl ascs — VILF'C = vl FIC. (3.26)

Integrate above from 7 = 0 to 7 = 1 and apply (2.17) to get

0

Zn:cs(l) — zn:cs(()) = -Fvz! /1 vVI'C(2)dz = —F.
s=1 s=1
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This completes the proof. O

We remark that the identity (3.25) holds as long as (2.15) with (2.2) has
a solution with Y o, a?cs > 0. Tt does not rely on any particular results in
previous parts of Section 3.

For the remaining part of this subsection, we derive a number of formulas
related to the important quantities Ji’s, Z and F in terms of the eigenvalues
of D(f).

Let A1, A2,...,,A, be the distinct eigenvalues of D(f) with algebraic
multiplicities si,s2,..., sy, respectively, that are determined in Theorem
3.7. Recall that zero is always an eigenvalue of D( f). Without 1oss of
generality, we assume A\, = 0. Then, for j = 1,2,...,n with b; j, the
identity (3.2) becomes

p—1 s
(g — A )%k
fj = 2—Sp]._[k71( J ) . (327)
¥ I11§k§n$¢j0¥7“ak)

Let
Z(sp)={q€Z:2—-s,<q<0}

be the set of nonpositive integers associated to s, > 1. Note that Z(sp,) =0
if s, =1 and Z(s,) = {0} if s, = 2.

Proposition 3.13. Under the above setup, we have

Zaka =0 for g€ Z(sp);

VsSp— Jj+1 n

Zallc ska_Zal Splk—Zozk rk+z Gy —j+ 1) Zai ]lk;éO
=1

Hk 1 Ok 1 s
(i) T = (—1)*"! S P Tk
e ;
n

(iv) ay Sex(r) = Z

k=1 j=1

Za lk for s=1,...,sp.
(s —J)!

Proof. To prove (i), from (3.3), (3.4) and (3.5), one has

V,BD(f) = A,V,B. (3.28)
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From A, =0 ¢ {a1,a2,...,a,}, bj = ajz for 1 <j <n, and (3.6), one has

a1 a9 (7%
1 1 1
-1 —1 —1
V,B=| @ a;t ...y ’
2—sp 2—sp 2—sp
a & no dg xn
: o2 9o 2
whose jth row is (o2 7,027, ..., ab 7).

Recall that D(f) =1 -7~ 1JbT. The first row in (3.28) gives

7! ( ki:l aka) T =0,

which is automatic since Y, _; agJy = Z. If s, > 2, then, for ¢ € Z(sp), the
(2 — ¢)th row in (3.28) gives

g+l gtl 1y T q+1 q+1 +1
(af", 04", . ad (Za Jk)b cag ol

This establishes the statement (i). The above relation allows one to conclude
that > p_; al *» Ji. # 0 holds because, otherwise, the algebraic multiplicity
of A\, =0 Would be strictly greater than s,. An alternative argument for
this will be given below after formulas in (ii) and (iii) are established.

We will derive the formulas in (ii) and (iv). We first apply Theorem
3.3 by replacing R = eVPU) L there with C(7) = ¢”PU)7L to conclude that
Ap = 0 is a zero of

L " a%ck(T) Vrs " ailk
g(z,f)—ziak_z —e Zrﬂ_z

k=1 k=1
of multiplicity s,. Thus, similar to the formulas in (3.13), for s =1,..., s,
3ot = 3 U S i,

(s —
Jj=1 ‘]

which is precisely the formula in (iv). In particular,

Zai Jlk

n Sp

Doy Ter(r) = Z

(sp —
k=1 j=1 9
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By taking integrations from 7 = 0 to 7 = 1, one has

Sp

/ozak s, dT—Z G _]H Za (3.29)

k=1 j=1

It follows from £C' = VDC and D =T —Z~1JbT that

d - S S — - —S
e ]i, Pe (Za2 Pe -7 1(;:10411 ka>bTC(T)>.

k=1

By taking integrations from 7 = 0 to 7 = 1 and using (3.29) and (2.17), one
has

1-s 1-s - 12 g+l - 1-s
P, P, — l . PJ
Za i Za P Ny PO AL Za
This provides the formula in (ii).
We now establish the formula in (iii). Using (3.27) and the relation
J =17f, one has

Zai Ska—IZa}C S"fk_IZ %)

1Y [Tk k;é](aj — )’

where
p—1

u(t) = Tt~ 2™

k=1
is a polynomial of degree (n — s,) that is strictly less than n. Interpolating
the polynomial u(t) at the nodes 0, a1, ..., oy, one has

p(t) = p(0)1ah=11" — Y] Hk 1 t—ak +ZM a] tngzl,k;éj(t_ak)

[Tizi(0— o) Qj Hk:l,k;éj(aj —ag)’

The coefficients of ¢ on both sides give

Y C) B zn: pla))

B 11 (0 — ay) = %Y HZ:I,k;Aj(aj — o)
Thus,
al Sp (O) _ 1)5p— 11—[}7 | Xlzk
Z e k= Hk 1(0 _ak)_( D | e 70
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The formula for Z in (iii) then follows. Since Z # 0 and 37, oz,i_Sp e #0,
we have > ", a,lc_s” Ji # 0. O

Corollary 3.14. The following statements are equivalent
(a) As an eigenvalue of D(f), \p = 0 has multiplicity s, > 2;
(b) The flow rate of matter F = 0;
(¢) 2=t le = 2j—1 Ths
(d) 3 k=1 k() = 25—y b for all 7.

Proof. The equivalence between (a) and (b) is a consequence of (i) of Propo-
sition 3.13 with ¢ = 0. This has been also shown in Lemma 2.2. The equiv-
alence between (b) and (c) follows from F = >}l — Y ;4 7% in (3.25).
The equivalence between (b) and (d) follows from (3.26). O

4 Existence and uniqueness of solutions of BVP
(2.1) and (2.2) for £ > 0 small.

In this section, we will establish that, for € > 0 small, the BVP (2.1) and
(2.2) has a unique solution in the vicinity of the singular orbit constructed
in the previous section. We will work on the equivalent connecting problem
(2.7) and (2.8).

Let (¢(7;JY),C(1;J°), J°, w(7; JY)) be the unique singular connecting
orbit of (2.15) and (2.8) which is established in Theorem 3.9. Note that

(¢(0;J°),C(0;J°), J%, w(0; J°)) =(V, L, J°, 0),

(6(1; ), C(1;0%), 7%, w(1;J%)) =(0, R, J°,1).
From Remark 2.3, this provides a unique singular connecting orbit for (2.7)
and (2.8). We will then also refer to (¢(7; J°), C(1;J°), J°,w(7; J?)) as the

singular connecting orbit of (2.7) and (2.8).
We are ready to show

Theorem 4.1. For e > 0 small, the connecting problem (2.7) and (2.8) has
a unique solution near the singular orbit (¢(r;J%), C(7;J°), JO, w(r; J?)).

Proof. For ¢ > 0, let M§ be the collection of the forward orbits of (2.7)
starting from B} defined in (2.8). Let M be the limiting object of M as
e — 0. Since the vector field of (2.7) is not tangent to B (due to w =1 # 0),
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we have dim M§ = dim Bj + 1 = n + 2. By continuity, dim M = n + 2.
The uniqueness of the singular orbit (¢(7; J?), C (75 J°), J°, w(7; JV)) implies
that M N B} contains one point where B} is defined in (2.8). Note that
dim Bf = n + 1, and hence,

dim M 4 dim Bf — dimR*"*™3 = (n4-2)+ (n+1) — (2n+3) = 0.

This implies that, if Mg and B7 intersect transversally, then, for ¢ > 0
small, M§ and B7 intersect transversally too; in particular, the connecting
problem (2.7) and (2.8) has a unique solution near the singular orbit.

Since the slow manifold S is normally hyperbolic as established in §2.2,
it persists for £ > 0 small ([12, 16]). Note that the singular connecting orbit
belongs to the slow manifold S. It thus suffices to check the transversal
intersection condition of M{ and Bj on the slow manifold S. It follows again
from w = 1 that it suffices to check the transversal intersection condition of
Mg and B} on the slow manifold S N {w = 1}.

In view of (2.10), the slow manifold S can be parameterized by (¢, C, J, w)
with > ., ases = 0.

Note that, near the unique intersection point (¢, C, J,w) = (0, R, J°,1)
of M{ and Bj, the set MJ NS N {w =1} is given by the set

{6 ():), € () 7). 1) = )

where, recalling from (2.16),
7(J)
1=w(r(J))) = vzle/ C(z;J)dz (4.1)
0

and
O(r(J);J) =V =V7(J), C(r(J);J) =e’PT N,

The set Bf NS N{w = 1} is parameterized as {(0, R, J,1) : J}.

Since dim(SN{w = 1}) = 2n, to show the transversal intersection of M
and B} in SN {w = 1}, one needs to find 2n linearly independent vectors
that each is tangent either to MY NS N {w =1} or to B NS N {w = 1}.

There are n linear independent vectors in the directions of J that are
tangent to Bf NS N {w = 1}. We thus need to find n linear independent
vectors that are tangent to MJ NS N {w = 1} but not to By NS N {w = 1}.

If we denote FI(J) = (V—V7(J),C(7(J);J)), then the desired transver-
sality is equivalent to that D;F(J) is of full rank, where D is the differ-
ential operator with respect to J; that is,

rank [ Ejgg (ﬁo)) ] = rank [ ng(f 32)) ] =n, (4.2)
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where

VJT(JO) :(aJIT(JO), 8J27(J0), e 8JnT(J0)),
D;C(1;J% =0,C(1; IOV ;7(J°) + 0;C(1, J),
and
9;0(1,J°) = (0,,C(1,J%),0,,C(1,J°),...,0;,C(1,J%).

In Lemma 4.2 to be proved below, we will show that (4.2) is true if and
only if

1
det/ b1 C(s; 0% e VP ds # 0.
0

We will assume Lemma 4.2 for the moment and complete the proof.

Denote the eigenvalues of D(f) by A1, A2, ..., A,, which are in conjugate
pairs and —7/V < Im A\, < 7/V for 1 < k <n (see, e.g. Theorem 3.7). One
has,

1 nooel
det/ b C(s;J%eVP% ds = H/ bIC(s;.0%)e Y8 ds.
0 o1 70
Recall b7 C(s;.J%) > 0 for s € [0,1]. If Ay is real, then

1
/ bIC(s; %) e Y M8 ds > 0.
0

If A\, = o3, + ypi with g # 0, then 0 < |yg| < 7/V and Ay = x5, — yai is
another eigenvalue of D(f). Note that sin(Vyxs) # 0 for s € (0,1). Hence,

1 1 —

/bTC’(s;JO)e—w"“sds/ bTC(s; J%)e ™V ds
0 0

2

1 2 1
= (/ bTC(s;J%)e™Y7% cos(Vyps) ds) + (/ bI'C(s; J%)e™ Vo sin(Vyys) ds)
0 0
1 2
> (/ bIC (s;J%)e ™Yo sin(Vyys) ds> > 0.
0

The latter inequality holds true since b7 C(s; J%) = Y7 | a2c(s) > 0 and
sin(Vygs) # 0 for s € (0,1). Consequently,

1
det/ bI'C(s;J%e VP ds > 0.
0
This completes the proof. O
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It remains to prove

Lemma 4.2. The rank condition (4.2) holds if and only if
1
det/ bI'C(s;J%e VP4 ds # 0.
0

Proof. We multiply (4.1) by V71Z =V=15"" | a,J; to get

(/)

yi Zas s = bT/ C(z; J)dz.
s=1 0

Differentiating the above identity with respect to J; and evaluating at JY,
one has

1
V=lay, =bTC(1; JO)GJkT(JO) + bT/ 05.C(%; J°) dz
0

1
07 R) (1) 487 [ 0,05 0% d.
0

Thus
Ay, 7(JY) = VbTR bTR / 97,C(z; J%)
or )
Vr(J%) = VblTRaT — leRbT/ 07C(2; %) dz, (4.3)
0
where a? = (a1, ..., a,). Note also,

D;C(1; % =0.C(1; )V ;7(J°) + 9;,C(1; J)
=VDRV ;7(J%) + 9;C(1; J°). (4.4)

From (4.3) and (4.4), one has

b ][5 ]|
—~VDR I || D;C(1;J° —~VDRV j7(J
oo |

VJT(JU)
7(J°) +D;C(1; J%) }

and hence,

o [ S0 | o | S|
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Recall that D =T —Z~1JpT and 7 = 27;21 asJs. Differentiate

%C(T; J)=VDC(r;J)
with respect to Ji to get
d
-05,C(r3J) = VDO, C(73.0) + ax VI 2JbT C(r; J) = VI~ lexd” C(7; ),
where ey is the kth unit (column) vector. From C(0;J) = L, one has

07,C(0; J) = 0. An application of the variation of parameters gives
97,C (2 J°) =a, VI 2 /0 ’ eVPE=3) JOT O (5, J0) ds
—vz! /OZ eVPE=9) e, T C(s;J0) ds
=VI? (/OZ b C(s; J0)eVPE=9) ds) (o J® — Teg).
Hence, using the fact that D = (I — Z~'J%7)T,

D;C(z; JY) =V1 2 </ b C(s;J0)eVPE—3) ds> (J°%T —11)
0

=-—VvI! ( / b C(s; %) DeVP=5) ds) r-t. (4.5)
0

It follows, with the change of the integration order, that

1 1 z
/ 9;C (2% dz = -1} (/ / b C(s; JO)VDeVPE5) ds dz> r!
0 0 0
1 1
=7 ( / bIC(s;.9) / VDeYPE=3) g ds) r!
0 s
1
=771 </ b C(s; %) (I — eVP(1=9)y ds> r—L

0
From (4.1) with J = J? and 7(J°) =1,

1
/ bI'C(s;J%) ds = V7T,
0

Therefore,

1 1
/ d;C (2 J%) dz =y ir—t—z71 </ b C(s; JO)eVD(I_S))ds> L. (4.6)
0 0
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We also have, from (4.5) and (4.6), that
1
9;C(1; %) =—171 ( / b C(s; J0)VDeVP(1=5) ds> !
0

1
:VD/ 9;C(z;J%)dz — DT !
0
1
:VD/ 05C(2;J% dz + (271 J%T — 1.
0

This, together with (4.3), gives
Vr(J%) ] _ V7(J%)
rank [ D,C(1; J9) =rank 0,C(1;.J0)

Vlal =0T [ 9,C(2;0°) dz
I71%T — 1+ VD [} 9;C(2 0% dz |

=rank

It is easily verified that, using o’ = »TT "1,

1 ylaT 1 0
0 I —Vvz1Jj° 1

O 2 A
R I

VlaT =0T [19;0(2;0°) dz
I71°%T — I+ VD [} 9;C(2;J°) dz
Vil — o7 [19;0(2;0°) dz

—I+VT fol 07C (2, J%) dz

0
- { T+ VT [ 8;C(z; %) dz ] '

Thus, the rank condition (4.2) is equivalent to det M # 0, where

M =—I+VI /01 d;C(2; J%) dz.
Using (4.6),

M=-VvI'T (/01 bI'C(s; J0)e VD5 ds> eVPr-t,

Therefore, the rank condition (4.2) holds if and only if

det /01 b C(s; %) e VP ds # 0.

This completes the proof. O
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5 Conclusion

In this paper, we apply the geometric singular perturbation framework to
a study of the BVP of the one-dimensional cPNP systems for ion flow. For
zero permanent charge, the existence and uniqueness of the relevant BVP is
completely analyzed. It is interesting to note that it requires a number of
ingredients to answer this basic question for such a seemly simple problem.

We point out that the cPNP system, studied in this paper as a model
for ionic flow through membrane channels, is oversimplified in a number of
ways: all PNP systems are primitive models in the sense that they simplify
the medium effect by modeling it with dielectric coefficients, cPNP systems
assume near infinite dilute conditions so that ion size effects can be ignored,
the real model for the channel is of three-dimensional, and, the permanent
charge () is a critically important quantity for individual ion channels.

Having said these, understanding this simplified problem, by no means
simple as shown in this paper, is fundamental for analyzing any more so-
phisticated PNP models.

Acknowledgment. The authors thank the referee for a careful review of
the paper.

References

[1] N. Abaid, R. S. Eisenberg, and W. Liu, Asymptotic expansions of I-
V relations via a Poisson-Nernst-Planck system. SIAM J. Appl. Dyn.
Syst. 7 (2008), 1507-1526.

[2] V. Barcilon, Ion flow through narrow membrane channels: Part I.
SIAM J. Appl. Math. 52 (1992), 1391-1404.

[3] V. Barcilon, D.-P. Chen, and R. S. Eisenberg, Ion flow through narrow
membrane channels: Part II. STAM J. Appl. Math. 52 (1992), 1405-
1425.

[4] V. Barcilon, D.-P. Chen, R. S. Eisenberg, and J. W. Jerome, Qualita-
tive properties of steady-state Poisson-Nernst-Planck systems: Pertur-
bation and simulation study. SIAM J. Appl. Math. 57 (1997), 631-648.

[5] M. Burger, H. W. Engl, P. A. Markowich, and P. Pietra, Identifica-
tion of doping profiles in semiconductor devices. Inverse Problems 17
(2001), 1765-1795.

39



[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

M. Burger, H. W. Engl, A. Leitao, and P. A. Markowich, On inverse
problems for semiconductor equations. Milan J. Math. 72 (2004), 273~
313.

B. Eisenberg, Ton channels as devices. J. Comp. Electro. 2 (2003),
245-249.

B. Eisenberg, Proteins, channels, and crowded ions. Biophysical Chem-
istry 100 (2003), 507-517.

R. S. Eisenberg, Atomic biology, electrostatics and ionic channels. In
New Developments and Theoretical Studies of Proteins, R. Elber, Ed-
itor, 269-357, World Scientific, Philadelphia, 1996.

B. Eisenberg, Y. Hyon, and C. Liu, Energy variational analysis of ions
in water and channels: Field theory for primitive models of complex
ionic fluids. J. Chem. Phys. 133 (2010), 104104 (1-23).

B. Eisenberg and W. Liu, Poisson-Nernst-Planck systems for ion chan-
nels with permanent charges. SIAM J. Math. Anal. 38 (2007), 1932-
1966.

N. Fenichel, Geometric singular perturbation theory for ordinary dif-
ferential equations. J. Differential Equations 31 (1979), 53-98.

D. Gillespie, A Singular Perturbation Analysis of the Poisson-Nernst-
Planck System: Applications to Ionic Channels. Ph.D dissertation,
Rush University at Chicago, 1999.

D. Gillespie, W. Nonner, and R. S. Eisenberg, Coupling Poisson-
Nernst-Planck and density functional theory to calculate ion flux. J.
Phys.: Condens. Matter 14 (2002), 12129-12145.

D. Gillespie, W. Nonner, and R. S. Eisenberg, Density functional the-
ory of charged, hard-sphere fluids. Phys. Rev. E 68 (2003), 0313503
(1-10).

M. Hirsch, C. Pugh, and M. Shub, Invariant Manifolds. Lecture Notes
in Math. 583, Springer-Verlag, New York, 1976.

Y. Hyon, B. Eisenberg, and C. Liu, A mathematical model for the hard
sphere repulsion in ionic solutions. Commun. Math. Sci. 9 (2010), 459-
475.

40



[18]

[19]

[20]

Y. Hyon, J. Fonseca, B. Eisenberg, and C. Liu, Energy variational
approach to study charge inversion (layering) near charged walls. Dis-
crete Contin. Dyn. Syst. Ser. B 17 (2012), 2725-2743.

Y. Hyon, C. Liu, and B. Eisenberg, PNP equations with steric effects:
a model of ion flow through channels. J. Phys. Chem. B 116 (2012),
11422-11441.

W. Im, D. Beglov, and B. Roux, Continuum solvation model: Elec-
trostatic forces from numerical solutions to the Poisson-Bolztmann
equation. Comp. Phys. Comm. 111 (1998), 59-75.

W. Im and B. Roux, Ion permeation and selectivity of OmpF porin: A
theoretical study based on molecular dynamics, Brownian dynamics,
and continuum electrodiffusion theory. J. Mol. Biol. 322 (2002), 851-
869.

J. W. Jerome, Mathematical Theory and Approximation of Semicon-
ductor Models. Springer-Verlag, New York, 1995.

S. Ji and W. Liu, Poisson-Nernst-Planck systems for ion flow with
density functional theory for hard-sphere potential: I-V relations and
critical potentials. Part I: Analysis. J. Dynam. Differential Equations
24 (2012), 955-983.

C. Jones, Geometric singular perturbation theory. Dynamical systems
(Montecatini Terme, 1994), 44-118. Lecture Notes in Math. 1609,
Springer, Berlin, 1995.

C. Jones and N. Kopell, Tracking invariant manifolds with differential
forms in singularly perturbed systems. J. Differential Equations 108
(1994), 64-88.

B. Li, Minimizations of electrostatic free energy and the Poisson-
Boltzmann equation for molecular solvation with implicit solvent.

SIAM J. Math. Anal. 40 (2009), 2536-2566.

B. Li, Continuum electrostatics for ionic solutions with non-uniform
ionic sizes. Nonlinearity 22 (2009), 811-833.

G. Lin, W. Liu, Y. Yi, and M. Zhang, Poisson-Nernst-Planck systems
for ion flow with a local hard-sphere potential for ion size effects. STAM
J. Appl. Dyn. Syst. 12 (2013), 1613-1648.

41



[29]

[30]

[31]

32]

W. Liu, Exchange Lemmas for singular perturbations with certain
turning points. J. Differential Equations 167 (2000), 134-180.

W. Liu, Geometric singular perturbation approach to steady-state
Poisson-Nernst-Planck systems. STAM J. Appl. Math. 65 (2005), 754-
766.

W. Liu, One-dimensional steady-state Poisson-Nernst-Planck systems
for ion channels with multiple ion species. J. Differential Equations
246 (2009), 428-451.

W. Liu, X. Tu, and M. Zhang, Poisson-Nernst-Planck systems for ion
flow with density functional theory for hard-sphere potential: I-V rela-
tions and critical potentials. Part II: Numerics. J. Dynam. Differential
Equations 24 (2012), 985-1004.

W. Liu and B. Wang, Poisson-Nernst-Planck systems for narrow
tubular-like membrane channels. J. Dynam. Differential Equations 22
(2010), 413-437.

P. A. Markowich, The Stationary Semiconductor Device Equations.
Computational Microelectronics. Springer-Verlag, Vienna, 1986.

P. A. Markowich, C. A. Ringhofer, and C. Schmeiser, Semiconductor
FEquations. Springer-Verlag, Wien-New York, 1990.

M. S. Mock, An example of nonuniqueness of stationary solutions in
device models. COMPEL 1 (1982), 165-174.

V. Mehrmann and H. Xu, An analysis of the pole placement problem.
I. The single-input case. Electronic Trans. Numerical Anal. 4 (1996),
89-105.

V. Mehrmann and H. Xu, Choosing poles so that the single-input pole
placement problem is well conditioned. SIAM J. Matriz Anal. Appl.
19 (1998), 664-681.

B. Nadler, Z. Schuss, A. Singer, and B. Eisenberg, Diffusion through
protein channels: from molecular description to continuum equations.
Nanotechnology 3 (2003), 439-442.

W. Nonner and R. S. Eisenberg, Ion permeation and glutamate
residues linked by Poisson-Nernst-Planck theory in L-type Calcium
channels. Biophysical J. 75 (1998), 1287-1305.

42



[41]

[42]

[43]

J.-K. Park and J. W. Jerome, Qualitative properties of steady-state
Poisson-Nernst-Planck systems: Mathematical study. SIAM J. Appl.
Math. 57 (1997), 609-630.

B. Roux, T. W. Allen, S. Berneche, and W. Im, Theoretical and com-
putational models of biological ion channels. Quat. Rev. Biophys. 37
(2004), 15-103.

B. Roux, Theory of transport in ion channels: From molecular dynam-
ics simulations to experiments, in Comp. Simul. In Molecular Biology,
J. Goodefellow ed., VCH Weinheim, Ch. 6, 133-169 (1995).

B. Roux and S. Crouzy, Theoretical studies of activated processes in bi-
ological ion channels, in Classical and quantum dynamics in condensed
phase simulations, B.J. Berne, G. Ciccotti and D.F. Coker Eds, World
Scientific Ltd., 445-462 (1998).

I. Rubinstein, Multiple steady states in one-dimensional electrodif-
fusion with local electroneutrality. SIAM J. Appl. Math. 47 (1987),
1076-1093.

I. Rubinstein, Electro-Diffusion of Ions. STAM Studies in Applied
Mathematics, STAM, Philadelphia, PA, 1990.

Z. Schuss, B. Nadler, and R. S. Eisenberg, Derivation of Poisson
and Nernst-Planck equations in a bath and channel from a molecu-
lar model. Phys. Rev. E 64 (2001), 036116 (1-14).

S. Selberherr, Analysis and Simulation of Semiconductor Devices.
Springer-Verlag, New York, 1984.

A. Singer and J. Norbury, A Poisson-Nernst-Planck model for biologi-
cal ion channels—an asymptotic analysis in a three-dimensional narrow

funnel. STAM J. Appl. Math. 70 (2009), 949-968.

A. Singer, D. Gillespie, J. Norbury, and R. S. Eisenberg, Singular
perturbation analysis of the steady-state Poisson-Nernst-Planck sys-
tem: applications to ion channels. Furopean J. Appl. Math. 19 (2008),
541560.

H. Steinriick, Asymptotic analysis of the current-voltage curve of a
pnpn semiconductor device. IMA J. Appl. Math. 43 (1989), 243-2509.

43



[52]

[53]

[54]

H. Steinrtick, A bifurcation analysis of the one-dimensional steady-
state semiconductor device equations. STAM J. Appl. Math. 49 (1989),
1102-1121.

S.-K. Tin, N. Kopell, and C. Jones, Invariant manifolds and singu-
larly perturbed boundary value problems. STAM J. Numer. Anal. 31
(1994), 1558-1576.

X.-S. Wang, D. He, J. Wylie, and H. Huang, Singular perturbation
solutions of steady-state Poisson-Nernst-Planck systems. Phys. Rev.
E 89 (2014), 022722 (1-14).

G. W. Wei, Q. Zheng, Z. Chen, and K. Xia, Variational multiscale
models for charge transport. SIAM Review 54 (2012), 699-754.

M. Zhang, Asymptotic expansions and numerical simulations of I-V re-
lations via a steady-state Poisson-Nernst-Planck system. Rocky Moun-
tain J. Math., to appear.

Q. Zheng, D. Chen, and G. W. Wei, Second-order Poisson-Nernst-
Planck solver for ion transport. J. Comput. Phys. 230 (2011), 5239-
5262.

Q. Zheng and G. W. Wei, Poisson-Boltzmann-Nernst-Planck model.
J. Chem. Phys. 134 (2011), 194101 (1-17).

S. Zhou, Z. Wang, and B. Li, Mean-field description of ionic size effects
with nonuniform ionic sizes: A numerical approach. Phys. Rev. E 84
(2011), 021901 (1-13).

44



