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POISEUILLE FLOW OF NEMATIC LIQUID CRYSTALS VIA THE
FULL ERICKSEN-LESLIE MODEL

GENG CHEN, TAO HUANG, AND WEISHI LIU

ABSTRACT. In this paper, we study the Cauchy problem of the Poiseuille flow of
the full Ericksen-Leslie model for nematic liquid crystals. The model is a coupled
system of a parabolic equation for the velocity and a quasilinear wave equation
for the director. For a particular choice of several physical parameter values,
we construct solutions with smooth initial data and finite energy that produce,
in finite time, cusp singularities — blowups of gradients. The formation of cusp
singularity is due to local interactions of wave-like characteristics of solutions,
which is different from the mechanism of finite time singularity formations for
the parabolic Ericksen-Leslie system. The finite time singularity formation for the
physical model might raise some concerns for purposes of applications. This is,
however, resolved satisfactorily; more precisely, we are able to establish the global
existence of weak solutions that are Holder continuous and have bounded energy.
One major contribution of this paper is our identification of the effect of the flux
density of the velocity on the director and the reveal of a singularity cancellation
— the flux density remains bounded while its two components approach infinity
at formations of cusp singularities.
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1. INTRODUCTION
In this paper, we consider singularity formation and global existence of Holder
continuous weak solution for the Cauchy problem
Uy :(u:c + 0t)1‘7 (11)
O + 20y =c(0)(c(0)0) . — uy.

with initial data

u(z,0) = ug(z) € H'(R), 6(x,0) = bo(x) € H'(R), 0;(2,0) = 61(z) € L*(R).
(1.2)
In addition, we assume that, for some a > 0,

up(z) +01(z) € L NC*(R) and lim (6,60, ug)(x) = 0. (1.3)

|z| =00

We also assume that the function ¢(-) is C?, and there exist positive constants
Cr, Cy and C7 such that,

0<CL<e¢() <Cy <o, ‘cl()’ < (. (1.4)

System (L.IJ) is the full Ericksen-Leslie model for Poiseuille flow of nematic liquid
crystals with a particular choice of parameters. The general model for Poiseuille
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flow of nematics and the choice of parameters that leads to system (L) will be
discussed in Section 211

For system (IL1), we will show by a class of examples that (one-sided) cusp sin-
gularity can be formed in finite time and, taking this into consideration, we are
still able to establish the global existence of weak solutions with a bounded energy.
Although we do not work on the model for Poiseuille flow of nematics with general
parameters in this paper, we believe that the similar results hold true in general.

We will next recall the Ericksen-Leslie model followed by a discussion of some
relevant results to this work. Experts in this field can skip Section [[L.T and jump to
Section

1.1. Ericksen-Leslie model for nematic liquid crystals. Liquid crystals are
intermediate phases between solid and isotropic fluid. Liquid crystal materials have
a degree of crystal structures but also exhibit many hydrodynamic features so they
are capable to flow. These multi-facet properties are very important to present ap-
plications of display and many yet to come. Nematic liquid crystals are composed
of rod-like molecules characterized by average alignment of the long axes of neigh-
boring molecules, which have simplest structures among liquid crystals and have
been widely studied analytically and experimentally that lead to fruitful applica-
tions ([10J14l[1527]). The modeling and analysis of the nematic liquid crystals have
attracted a lot of interests of mathematicians for several decades.

If the orientation order parameters of nematic materials are treated as a unit
vector n € S?, the director, then the Oseen-Frank energy density determines the
macrostructure of the crystal structure ([17,38])

2W (n, Vn) =K, (divn)? + Ky(n - curln)? + K3|n x curln|?

+ (Ky + Ky)[tr(Vn)? — (divn)?] (1.5)

where K, j = 1,2, 3, are the positive constants representing splay, twist, and bend
effects respectively, with Ky > |Ky|, 2K > Ko+ Ky. (One often takes Ko+ K4 = 0.)
The equilibrium theory of nematics is the variational problem of the total Oseen-
Frank energy over the domain 2 C R? occupied by the material. The theory has been
developed successfully and gives a wide range of interesting properties [191[33]36].

The hydrodynamic property of nematics is macroscopically characterized by the
velocity field u. Any distortion of the director n causes the flow and, likewise, any
flow affects the alignment n. These influences are determined by the the kinematic
transport tensor g and the viscous stress tensor o given below. Let

represent the rate of strain tensor, skew-symmetric part of the strain rate, and the
rigid rotation part of director changing rate by fluid vorticity, respectively. The
kinematic transport g is given by

g=mN+v%Dn (16)

which represents the effect of the macroscopic flow field on the microscopic structure.
The material coefficients 1 and -5 reflect the molecular shape and the slippery part
between fluid and particles. The first term of g represents the rigid rotation of
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molecules, while the second term stands for the stretching of molecules by the flow.
The viscous (Leslie) stress tensor o has the following form
oc=o1(n’Dn)n®@n+ a;N @n+asn® N

1.7
+ ayD + as5(Dn) @ n + agn @ (Dn), (L.7)

where a @ b = ab” for column vectors a and b in R®. These coefficients a;
(1 < j <6), depending on material and temperature, are called Leslie coefficients.
The following relations are assumed in the literature.

M=az—a, YPe=a—as aq2taz3=as— . (1.8)

The first two relations are compatibility conditions, while the third relation is called
Parodi’s relation, derived from Omnsager reciprocal relations expressing the equal-
ity of certain relations between flows and forces in thermodynamic systems out of
equilibrium (cf. [39]). They also satisfy the following empirical relations (p.13, [27])

ag >0, 2014304 +2a5+2a6 >0, 71 =a3—ay >0, (1.9)
204 + a5 + ag > 0, 4’71(20&4 + a5 + Oé(;) > (042 + a3 + ’72)2.

Note that the 4th relation is implied by the 3rd together with the last relation and
the last can be rewritten as 1 (2ay4 + a5 + ag) > 3.
The dynamic theory of nematics was first proposed by Ericksen [16] and Leslie

[26] in the 1960’s. Using the convention to denote f = f; + u- Vf the material
derivative, the full Ericksen-Leslie system is given as follows (see, e.g. [27,[31])
pu+VP=V-0-V- (5L &Vn),
V-u=0,
o ow ow
In| = 1.

(1.10)

In (LIQ), P is the pressure, A is the Lagrangian multiplier of the constraint [n| = 1,
p is the density, v is the inertial coefficient of the director n, W is the Oseen-Frank
energy in (LH), g and o are the kinematic transport and the viscous stress tensor,

respectively, given in (L6) and (L7).

1.2. Results relevant to present work. The full Ericksen-Leslie system (LI0)
is a coupled system of forced Navier-Stokes equations and the wave map equations.
Basic concerns about existence, uniqueness and regularity of solutions are not com-
pletely understood. In general, global regular solutions are not expected; in fact, in
several cases, singularity is shown to formulate in finite time for smooth initial data.
Therefore, singularity formation and global existence of weak solutions are often
treated in pair for dynamical models of liquid crystals from mathematical analysis
viewpoint. This is the case of this work.

1.2.1. On the variational wave equation for director field. When the fluid field u
is neglected, the Ericksen-Leslie system (LI0) is replaced by a quasilinear wave
system only on the director field n. (It is known that the neglect of u is not
physically consistent since a change of n in time would drive a change of u in time.)
In one spatial dimension z € R and for director n(z,t) = (cos(6(z,t)),0,sin(6(z,t))
restricted to a unit circle, the quasilinear wave system — the second equation in (L.1I)
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without u, and the damping 20; — is often called the variational wave equation and
was intensively studied in the last two decays (see for example [I§]).

Solutions of the variational wave equation with smooth initial data could in gen-
eral produce cusp singularities due to local interactions of waves; more precisely,
there may be finite time blowup in their gradients while the solutions themselves
are still Holder continuous ([IILI3[18]). On the other hand, the existence of global
energy conservative solutions after the singularity formation was established in [6].
Later this result was extended to more general initial data in [20], the case with
damping in [I3] and the variational wave system with n € S? in [12,43,[44]. Espe-
cially, in [13], the authors showed that behaviors of large solutions of the variational
wave systems with and without damping are similar. The global well-posedness of
Holder continuous conservative solutions was established for the variational wave
system, including: uniqueness [3[8], Lipschitz continuous dependence on some opti-
mal transport metric [I], and generic regularity [2L[5]. The existence of the dissipative
solution was studied in [4,42].

The singularity formation of the variational wave equation is due to local inter-
actions of waves. This mechanism is different from that for the parabolic Ericksen-
Leslie models which will be discussed in the next part §1.2.2]

The singularity formation of the present work on system (1) is inspired by and
directly related to those for the variational wave equations discussed above. A major
difference is the coupling term w, on 6 in the second equation of system (LI)). It
turns out u, blows up when singularity forms, which makes it hard to track its effect
on the singularity of 6 from the variational wave equation. We are able to control
the effect of u, by controlling that of the quantity J(x,t) := u, + 0, and show that
the singularity formation for the coupled system (I.I]) has more or less the same
mechanism as that for the variational wave equation.

Note that, from the first equation of system (1), the quantity J(z,t) := u, + 6;
is the flux density of the velocity u. The flux density J(x,t) of the velocity further
plays a crucial role in establishing the existence of global weak solutions. For the
global existence result, we adapt the framework in [6] of using the semilinear system
on characteristic coordinates for the variational wave equation. For our problem
(1), however, in the heat equation, the solution flow does not propagate along
characteristic directions. One has to overcome the difficulty caused by the coupling
of “mismatching” behaviors. A key ingredient for extending the framework in [6]
to the coupled system (L)) is a careful treatment of the flux density J(z,t) of the
velocity. In fact J(z,t) will be shown to be bounded (see Lemma B.1]), although u,
and 6; both may blowup in finite time.

1.2.2. On the parabolic Ericksen-Leslie system. When v = 0, the Ericksen-Leslie
system (LI0) becomes a parabolic system (also called Ericksen-Leslie system in lit-
erature). For the parabolic Ericksen-Leslie system in dimension two, the existence
and uniqueness of global solution have been studied in [21,22]28/[40,[4T]. In dimen-
sion three, under some simplified assumptions, the authors of [41] established global
existence of solutions for small initial data and provided a characterization of the
maximal existence time for general initial data.



WAVE MODEL FOR LIQUID-CRYSTALS 5

In [31], Lin proposed a simplified system, by neglecting the Leslie stress and
taking W (n, Vn) to be the Dirichlet energy density

w+u-Vu—Au+ VP =-V-(Vno Vn - 1|Vn[s;)
Vou=0 (1.11)
n; +u-Vn=An+ |[Vn/*n.

For system (LII]) in dimension two, it was shown in [32,[35] that there is a unique
Leray-Hopf type global weak solution. This weak solution may have at most finitely
many singular times, at which |u| + |Vn| — oco. Very recently, examples of finite
time singularities of such weak solution have been constructed in [25] by a new
inner-outer gluing method. More precisely, given any k points in the domain of
dimension two, the local smooth solution blows up exactly at those k points at
finite time. In dimension three, existence of global weak solutions has been shown
in [34] under the assumption ng(z) € S% with the help of some new compactness
arguments. In [23], for system (LII]) over a bounded domain, two examples of
finite time singularity have been constructed. The formations of these singularities
are related to some global or non-trivial topological conditions on the initial data
(over bounded domains); in particular, the mechanisms are different from that for
variational wave equation discussed in the previous part §L.2.1] and our system (L.1I)
(see Section [[3 for more details). It is not clear how the singularity will behave
after its formation, which is presumably one of the main difficulties in establishing
a global existence result.

Although system (L.II]) misses specifics of many physical parameters, the simpli-
fication allows initial success in analyzing the general dynamical behavior of such a
system that further drives a great deal treatments of the parabolic Ericksen-Leslie
system. For a more complete review, please see the survey paper [36] and the refer-
ences therein.

1.2.3. On the full Ericksen-Leslie system (I1.10). The full Ericksen-Leslie system
(LIQ) itself is poorly understood. It seems to the authors that the only result
available for the global wellposedness is in [24] where local existence and uniqueness
for initial data with finite energy and global existence and uniqueness of classical
solutions with small initial data were established.

1.3. Main results of this work. An interesting and important question is the
existence and behaviors of global solutions for the full Ericksen-Leslie system (L.10])
with v > 0. In this paper, we give an example of singularity formation and establish
the global existence of weak solutions for the special Poiseuille flow (I.T]).

Finite time singularity formation. Inspired by [I1[13l[18], we can construct some
special smooth initial data for which the solution will produce singularity of gradient
blow-up in finite time. To this end, we introduce a C'(R) function ¢ satisfying the
following properties

#(0) =0 and ¢(a) =0 for a & (—1,1), (1.12)

16Cy 2

_ ¢/(0) > max {7c’(6*)CL’ C_L

bool@<e (1.13)
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where C, and Cy are defined in (4], Cs is a positive constant and

1
/ (¢')*(a) da < ko, (1.14)

-1
for some constant kg.

Theorem 1. Consider the Cauchy problem of (LI)-(L4) with the following C*
initial data

Oo(z) = 0% + €¢(§)= 01(z) = (—c(bo(z)) + ) 0)(z) (1.15)

0, x € (—o0, —¢),

xr , B
() = /_E c(bo(a)) by(a)da, =€ [—¢,¢] (1.16)
(), x € (g, +2),
0, x € (e +2,00),
where 0* is a constant satisfying ¢'(6*) > 0, ¢(x) is the function satisfying (1.12)-
(I-177), and ®(z) is C' and satisfies

€
B(e) = / c(80(a)) By(a) da, () = c(Bo())h(e) =0, (117
—c
P(e+2)=d(e+2)=0, |P(x)] <6CyCae for any x € (g, +2) (1.18)
Then, one can choose € > 0 sufficiently small, such that the solution (u(x,t),0(x,t))
is C1 only for t < t, with some t, < 1 and forms singularity as t — t; ; more pre-
cisely, at some x,,

Oi(z,t) — 00, Oy(z,t) = —00, wuy(z,t) = —00
as (x,t) = (T4, t;).

We comment that the requirement on ® in (I.I7) and (I.I8)) is consistent; in fact
one can construct a function ® with all properties and with the factor 6 in (LIS
being replaced by any number bigger than 4.

Together with the energy decay for smooth solutions, we know that the singularity
formed in finite time is a cusp (generically one-sided-cusp) singularity, i.e. deriva-
tives |0,| and |0;| are infinity (see [I8]), but the L? norms of |0, | and |6;| are finite by
Proposition 2.1] which gives Holder continuity of 6. The estimate on J = u, + 6; in
Lemma 3.1 and the relation u, = J — 0y show that u(-,t) is also Holder continuous
for almost all t. See Remark [4.1] for more details.

As mentioned in Section [[.2] the two examples of finite time singularity formation
constructed in [23,25] for the parabolic system over bounded regions are directly
related to or caused by some non-trivial global /topological conditions. While as the
singularity claimed in Theorem [ is formed in essentially the same mechanism as
that in [I3L[18] — it is created locally due to interactions of local waves that are of
finite speed. A typical point singularity of direction field n of three dimensional
parabolic system is in the form of z/|z|, which is not continuous at singular point.
In fact, if (u,n) is continuous, one may show higher regularity of the solutions to
parabolic system.

Our method of showing the formation of singularity is thus based on those in
papers [I1L13][18] for a variational wave equation while there are several new ideas
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provided to cope with the new model. For example, we need understand the impact
of the source term u, in (L.1J),.

Global existence of weak solutions. Due to the formation of singularity in The-
orem [Il one cannot expect existence of global classical solutions in general. One
would like to know how the singularity behaves and whether a certain class of weak
solutions exist beyond the time of singularity formation. This is important particu-
larly for models of physical problems that are expected to have “global solutions”.
We will show that a weak solution defined below does exist globally and has a
bounded energy.

Definition 1.1. For any given time T < oo, (u(x,t),0(x,t)) is a weak solution to
the initial value problem (LI))-(L3]) for (x,t) € R x [0,T7] if

(i) for any ¢ € Cg°{R x [0, T]},

/ / (B — (c(0)0)nc(0)0, — 016 — vy6) dadt = 0 (1.19)
with N
v(x,t) :/_ u(y,t)dy, and wvg(x,t) =u(x,t) (1.20)

pointwise with
ve(z,t) € L N LAR x [0,T])

and

Ut = Vgg + Ot
is satisfied in L*(R x [0,T]) sense, and

w € LA([0, T], H' (R)) N L*([0, T], Hyoe(R)) N L([0,T] x R),
and
ug € L2([0,T], H ' (R)).
(ii) the first and second equations for initial conditions in ([L2) are satisfied

pointwise, and the third equation holds in LY for p € [1,2).

loc

Theorem 2. Assume c(0) satisfies (1.4) and 6y is absolutely continuous. Then,
for any time T < oo, there exists a weak solution (u(x,t),0(x,t)) in the sense
of Definition [I1 for (z,t) € R x [0,T] to the initial value problem (LII)-([L3]).
Furthermore,

(i) the associated energy

E(t) = / (67 + 2(0)62 +12) da (1.21)

1
2 Jr
is well-defined for t € (0,T] and satisfies
E(t) < E(0) — // (v + 62) dadt;
Rx[0,t]

(i1) 6(x,t) is locally Hélder continuous with exponent 1/2 in both x and t;
(iii) w(z,t) is locally Holder continuous in x with exponent 1/2 for a.e. t.
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Note that the statement of Theorem 2linvolves an arbitrary but fixed time T < oo.
The reason is that we do not have uniqueness on weak solutions. Thus, in principle,
for different T', one may have different weak solutions with the same initial data
that make it difficult to get the conclusion for (x,t) € R x [0,00). Of course, we do
not believe neither suggest the latter is the case.

A main challenge in establishing a global existence comes from the coupling of
quasilinear wave equation (I.I), and heat equation (ILTI]);. To solve the quasilinear
wave equation (ILI)), without 26; and wu, for general initial data, one of few avail-
able frameworks is to use a semilinear system on some dependent variables in the
energy dependent characteristic coordinates introduced in [6]. However, in the heat
equation (LI));, the solution flow does not propagate along characteristic directions,
so it destroys the sharp wave front. Here the source term 60;(-,t) in (L], has a
poor regularity, only H !, since 6;(-,t) € L? for any t. So the solution cannot gain
any regularity directly from the heat equation (LIl),. As mentioned in §L.2.1] a
key ingredient for extending the framework in [6] to our coupled system is a careful
treatment of the flux density J(z,t) = u, + 64 of the velocity.

The remaining of the paper is organized as follows. In Section Bl we discuss the
model for Poiseuille flows of nematics, specify the choice of parameters that leads
to system (LLI)) considered in this paper, and explain main ideas for the proofs of
our results. In Section Bl we give the a priori estimate on the flux density J(z,t) of
the velocity for smooth solutions. In Section Ml we construct a singularity formation
example. In Section [ a semilinear system for the wave equation will be given.
In Section [6] we prove the existence of weak solutions and the energy estimate.
In Appendix A, we provide a brief derivation of (2.I) for the Poiseuille flows of
nematics, a derivation of the semilinear system in the characteristic coordinates
used in Section [6] and a proof of the Holder continuity of some functions used in

Section [6.3]

2. POISEUILLE FLOWS, SPECIAL SYSTEM ([LI]), IDEAS OF OUR ANALYSIS

2.1. System for Poiseuille flows and energy decay for smooth solutions.
In this paper, we are interested in Poiseuille flows of nematic liquid crystals; more
precisely, we will consider solutions of system ([LTI0) of the form ([9])

u(z,t) = (0,0,u(x,t))’ and n(z,t) = (sin6(x,t),0,cos H(x,t))T.

Then system (LI0) becomes (see Appendix [A] for a detailed derivation)
pur =a + (g(@)uw + h(@)@t)m,
V0 + 110 =c(0)(c(0)0,)x — h(6)uy,

where the constant a is the gradient of pressure along the flow direction, and

(2.1)

9(0) :=ay sin® 0 cos® § + @ sin? 0 + 93 7 06 cos® 0 + %7
f(0) =c*(0) := K cos? 0 + K3sin? 0, (2.2)
Y1 + 2 cos(26)

h() :=a3 cos? @ — aysin® § = —

The last relation comes from (L8]). Note that ¢(-) is smooth and satisfies (L.4]).
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For system (2.10), we will take @ = 0 in the sequel. In fact, once one finds a weak
solution (u,#) for (2.I]) without a, then (4 = u+ ot 0) will satisfy system (2.I]) with
a. For any smooth solution of the system (2.1]), we define the associated energy

E(t) = % / (02 + 2(0)62 + pu?) da. (2.3)
R
Let b(#) be the function given by
A2
b(0) = g(60) — —n2(p) <2L2CAF OB A6) T a0y O G2y
gt dm 8 (2.4)
201 4+ 3aq + 205 + 205

sin?(26).

8
Then b(#) > 0 is an immediate consequence of (L8)) and (L9).

Proposition 2.1. If (u(z,t),0(x,t)) is a smooth solution of the Poiseuille flow ([2:1I)
with a = 0, then the associated energy E(t) decays; more precisely,

e == [ (o002 +a (0 + X))y ao <o, (25)

where b(8) > 0 is given in ([27).
Proof. Recall, with a = 0, the system (2.1]) becomes

pur = (9(0)uz + h(0)61), ,
Vi + 110 = c(0)(c(0)62) , — h(0)us.

Multiplying the first equation of (Z6]) by u and the second equation of ([2.6) by 6;,
and integrating by parts, we have

(2.6)

b [ ae=— [g@nzds — [ no)pru.d. (27)
and
1d 2 209\p2 2
S (Vgt Ny (9)990) dex = — [ m10; dz — [ h(0)u,0; dx. (2.8)
Sum up ([27) and (28] to get
%% (V07 + ()02 + pu?) do = — / (7107 + 2h(0)0;us + g(0)u?) da

1
__ / (6032 + 1 (6 + —h(O)us)° ) d,
R T
where b(6) = g(8) — h(0)/y1 > 0 is given in (2.4]). This completes the proof. O

The term —h(f)u, in the second equation of system (ZII) could blow up (see
Theorem [I]), and hence, is hard to control directly. In view of the special structures
of the system, we will introduce new state and time variables.

We first make the following rescaling of time variable,

a(z,t) = u(z,v/vt) and 0(z,t) = 0(x,/vt).



10 GENG CHEN, TAO HUANG, AND WEISHI LIU
Then, system (2.I)) becomes

Lot = (o(0)ic + —=h0)ir) .

R (29)
O + Wet =c(0)(c(0)0z)z — h(0)ty,.
We then introduce a state variable
o(x,t) :/ pu(z,t)dz.
Then, o = v/vg()i, + h(0)8;. One has
P 5, —a(@)is + Lon(@)6
\/;fut =g(0)0gs + \/,jh(e)et’
x = 2.10)
o R2@0)\ -« - )y (
Htt + — Y1 — = et :0(6)(0(6) :c)x — Vt.
W( 9(0) ) Vvg(0)
We emphasize that the relation
2
P(6) _ 5 @ >0 (2.11)

TR

holds where b(6) > 0 is defined in ([24)) and it gives a damping in (Z10)s.
It turns out that the term

Oy = Vvg(0)is +h(0)0; =: J,
which is the flux density of the velocity from (2.9),, captures the interaction be-
tween u and 6 well — one has a good control on the L° norm of J. For smooth
solutions, this is proved in Lemma Bl It is much more involved to control the L>
norm of J for weak solutions. In replacing @, in 292 with ¢y in (2I0)2, we need
some contribution from the damping term -6 /+/v in [29). The feature that some

damping is kept in (2102 due to (ZI1]) is crucial in the proof of global existence of
weak solutions. See Lemma [6.2] in Section [6]

2.2. A special choice of parameters leading to system (I.I]). As mentioned
in the introduction, we consider a special case of Poiseuille flows (2] in this paper;
more precisely, we take

a=0, p=v=1 a=as=0a=0, av=-1, az3=ayu=1, v =2
By the Onsager-Parodi relation (L8], one has
T2=06 —as =az+ a3 =0,

and hence, g(f) = h(0) = 1. System (2.]]) is then reduced to (1)

This special case keeps the the main structure of (2.I]) while the heat equation
(21)), is simplified to one with constant coefficients, i.e. g(#) = h(f) = 1. We do
believe that similar singularity formation and global existence results in this paper
hold true for (21]).

In terms of the variable (v,#), where

v(x,t) = u(z,t)dz, and hence, vy = u, + 0y, (2.12)

—00
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system (LI) reads
U =Vgg + Oy,
O + 60 =c(0)(c(0)0z)x — vy.
We remind the readers that the damping term 6; in the second equation is not
due to the special choice of the parameters but the intrinsic property of the problem

discussed immediately after display (2.10]).

For system (1)), the energy introduced in (23] simplifies to (L2I]), which, for
smooth solutions, satisfies

Ser == [ (goter2(o o)) do=— [ (F o an

The latter shows our result in statement (i) of Theorem 2] on energy estimates for
weak solutions is sharp.

(2.13)

2.3. Main ideas of proofs. One of key contributions of this paper is the identifi-
cation of the crucial quantity

JZ:'Ut:ux—Fet,

where v(z,t) = [*_u(z,t)dz introduced in (ZIZ).

For any time 7', it will be shown that J(z,t) is defined for (z,t) € R x [0,7] and
has finite L?, L and C® norms, with a € (0,1/4). Given the fact that both u,
and 6; may blow up (Theorem [I]), the bound and regularity of J are fundamentally
important. It will be seen that the result is indeed critical for both singularity
formation and global existence. Roughly speaking, this result holds because of the
different “scales” of time variable ¢ in heat equation and in wave equation. To
understand it, one can first look at Lemma [B.1] that gives a bound on J associated
with smooth solutions.

In our construction of the example with cusp formation, we adapt the framework
in [I1,13] to our coupled system. For smooth solutions from our construction, the
bound of J can be carefully estimated using the initial energy using Lemma [B11
Especially, such a bound is small when uy and £(0) are both small, although 6,(x,0)
and 6,(z,0) might be large near the point of singularity formation. In this case,
the compressive effect from the quasilinear wave equation dominates the dissipative
effect from the heat equation and leads to a cusp singularity in finite time.

The global existence part is much more complicated. In the first step, for a given
bounded, square integrable and Holder continuous function J, we replace v; with J
in equation (ZI3), and solve for § = 67(x,t). Instead of considering the problem
directly in the (z,t) coordinates, we start the analysis from an equivalent semilinear
system in the characteristic coordinates and, afterward, we transform back to the
(z,t) coordinates. This framework was used in [6] for variational wave equation.

Here we mention two differences from this paper to [6]. First, due to the low
regularity of J(x,t), we use Schauder fixed point theorem to prove the existence
of solution on characteristic coordinates. Secondly, since there is no direct way to
control two key dependent variables p and ¢, which measure the dilation of the
transformation, by the semilinear system, a great deal of extra efforts are made in
finding the a priori bounds on p and ¢ using the relation (Z.I1]) which works even
for the general case. In fact, by ([2.I1]), we know the nematic liquid crystal model
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naturally gives us some “leftover” damping after we change from (L], to (2.I3)),,
and such a “leftover” damping term plays a crucial role in bounding p and ¢. See
Lemma for this key estimate.

In the second step, using the heat equation (ZI3)),, with 0(z,t) = 07 (x,t), we
solve for v = v/(x,t). This allows us to define a map J — v{. A fixed point of this
map using the Schauder Fixed-Point Theorem gives the existence.

To show the energy decay, we need to conquer the “mismatch” between the semi-
linear system in characteristic coordinates and the heat equation.

3. ESTIMATES ON J = v FOR SMOOTH SOLUTIONS

In this section, we derive some estimates on J = v; for any smooth solution of

213). Recall from (2I12)-(2.13)) that
v(x,t) = / u(z,t)dz and v = vge + 0 = uy + 0. (3.1)

—00

Lemma 3.1. If (v,0) is a smooth solution of system (ZI3)) for t € [0,T), one has,
for any t € [0,T),

[0l oo (R (0,6)) <lug(x) 4 01(2)] oo (m)
1
+ Ot ([|04]] oo ((0,0), L2(R)) + 102l oo (0,0), £2(R))) (3.2)
i 1
+Cta (HHSDH%OO((O,t),L?(R)) + t4Hu||L°°(RX(O,t))> :

and
1
1wl Loo @ (0,6)) = V]l Loo@x(0,6)) < w0l oo ) + Ct2 (|0t oo (0,0),22m))-  (3:3)
Proof. Recall that
H(xz,t) . e { x2} (3.4)
1) = —— exp{ —— .
VAt P 4t

is the fundamental solution of 1D heat equation, that is,
H,— H,, =0, for (z,t) € R x(0,00)

with H(x,0) = dp(z) being the Dirac function at z = 0.
We decompose

v(x,t) =I(z,t) + k(x,t) (3.5)
where [(z,t) and k(z,t) satisty, respectively,
lt = lww + Hta
and
kt = k:c:ca
b 0) = [ woly)dy = ko) (3.7)

By the Duhamel formula, one has

l(a:,t):/Ot/RH(x—y,t—s)Hs(y,s)dyds:/Ot/RH(a:—y,s)Hs(y,t—s)dyds,
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and
kat) = [ H@=y.0k(y) dy
= ko(x / / H(x —y,t— s)(kzo) (y) dyds (3.8)
= ko( //Hx—y, (ko) () dyds.

Direct calculation implies

|l (2, )]

<o [ ] d oo (<5 s
=¢ </ / t —’xs_?»%‘is/z; eXp <_ (;Et__yz)z > dyd8> " < /0 t i % dyds> ’

1 1
<C||64][ oo (O,T)7L2(]R))/O @ ds < Cta||04] Lo ((0,7),L2(R))-

(3.9)
On the other hand, one can show
ot 0] =| [ 000t~ ) o] < ol (3.10)

which combining with (B.9) implies ([B.3]).
To obtain the estimate of v;, by the definition of k£ and [, we have

vy =l + Ky

t t
g | [t =i+ 5 [ [ B gk dyds

/H:L"—y, (01 (y) + ug(y dy+//H 5)0s(y,t — s) dyds
/H:L"—y, (01(y) + ug(y)) dy — //H:L"—y Oss(y,t — s) dyds.

The first term can be estimated as follows

/RH($ —y,t) (01(y) +uo(y)) dy‘ < [lug(@) + 01(2) | Lo (m))- (3.11)



14 GENG CHEN, TAO HUANG, AND WEISHI LIU

By ([213),, we can rewrite the second term as

t
/ /H(m — v, 8)0ss(y, t — s) dyds
0o JR

:/0 /RH(a: —y,8)[ — 205 + c(0)(c(0)8y)y — uy] (y, t — s) dyds

. (3.12)
:/ / H(z—vy,s)[— 205 — c'(9)c(9)9§] (y,t — s)dyds
/ / H,( [2(0)0, — u] (y,t — s) dyds.
Similarly to (3.9), one can show that
t
/ H(x —y,s)0ss(y,t — s)dyds
R
1
< Ct1 ([104]] oo (0,8, L2(R)) + 1021l oo (0,09, L2(R)) ) (3.13)

1 1
+ Cta <H9:v||%°°((0,t),L2(R)) + 4 ||u||L°°(R><(0,t))> :

Note in ([B12), we use the different “scales” of time variable ¢ in heat equation
and in wave equation. Heuristically, we use the wave equation to change H * 04 to
H x 0,, and other lower order terms. This helps us bound the term in (812]) that
leads to the bound of J.

Combining ([B.I1) and (B.I3), one has (3.2)). O

By the energy decay proved in Proposition 2]
Et) <& forany 0<t<T,

and also using Lemma [3.I] we know that there exists a constant .J(T) depending
only on |lugl[r2(ry, & and T', such that,

J(z,t)| < J(T). 3.14
(x,tféﬁ?f[o,ﬂ' (z,t)| < J(T) (3.14)

From the proof of Lemma [B.1]
¢
we) = [ =y ul)dy+ [ [ Hae— gt 90,09 dyds. (315
R o Jr
One then has

Tat) = [ Ho=0t) (h(0) +02) dy
/ /H (x —y,t —s)[205 + < (6)c(6)0 ](y, s) dyds (3.16)
—/ /Hy(az—y,t—s) [02(0)9y—u] (y,s) dyds.
0o Jr

These two relations will be used in Section [6.3]where we prove the global existence of
weak solutions. In fact, the main step in the proof of existence is to find a fixed point
of a map M(J), constructed by using ([B.I5]) and B.I86]), for J in LN L2. By B.14)
and (B.I]), one can easily see why we use the sup-norm space and square integrable
function space, respectively. Secondly, the estimate on vy = J in Lemma [B.1] and
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the energy decay will give us the key estimate on J for the singularity formation in
the next section.

4. SINGULARITY FORMATION

This section is devoted to a proof of Theorem [I] for the singularity formation. We
extend the framework for the variational wave equation in [13/18] to the coupled
system (L.I). The main difference is that there is a nonlocal source term J in the
second equation of (LI]). The estimate on J in Lemma Bl is thus the major new
ingredient for our construction.

The proof of Theorem [l is split into several steps. We will show that, if € is small
enough, then the singularity will appear before ¢ = 1. Thus all estimates below are
for solutions over 0 <t < 1.

Step 1. For any smooth solution (u(z,t),6(z,t)) of (L), set
S:=0; —c(0)0,, R:=0+c(0)0,. (4.1)
It follows from (LI]), that

[}

~—

(= )~ (R4 )~
, 1.2
“O) 2 _(R+9) - u,,

St + C(@)Sx =

Rt — C(@)Rx :46(9)

or, with J = vy = u, + 6 as in the previous section,

Sy +¢(0)S, :Z;((‘;)) (8% — R?) — %(R +8) —J, (4.3)
Ri— c(0)R, :ZC((‘;)) (R — §) — %(R +8)—J (4.4)

It is then easy to have
(R* +8%), + (c(0)(S* — R?)) = —(S+ R)> —2(S + R)J. (4.5)

Step 2. From the initial condition (L.I5]) set for Theorem [ one has
bu(2,0) = ¢/(2), R@,0) ==¢/(Z), S(a,0) = (= 20(6(x,0)) +2) #(5).  (4:6)

We always choose 0 < ¢ < Cf, and € < 1. Here recall from (.4 that the uniform
lower and upper bounds of the function ¢ are Cr, and Cy, respectively. So by (LI3)),

5(0,0) = (—2¢(0*) + €)¢'(0) > max {%HC*U), 2} . (4.7)

We now define a function E as
1 o

E(t) = E0(-,t)) = /_OO (02 + 20%)(z,t) do = 5/_ (R? + 8?)(z,t)dx.  (4.8)
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For smooth solutions, by the energy decay proved in Proposition 2.1} and properties

in (LI4)-(I8), we have

E(t) <26(t) < 2£(0) = % /Oo (R? + S* 4+ 2u*)(2,0) dx
- - (4.9)
:% / [ (=2¢(0(x,0)) + €)% + 2] (qs’(g))2 dr + KC3C3* < O(e),

where K is some constant, and ¢ is any sufficiently small constant. It then follows

from Lemma 3.1l (LI5)-(I8]) and (£9) that there exists a constant k; independent
of ¢ such that,

[Tl Lo (x(0,0)) < k1ve for 0<t<1. (4.10)
t
o (xotd
X+ X._
X
X1 Xo X2

FIGURE 1. Characteristic triangle (2

Step 3. Next we consider any characteristic triangle € in Figure [Il bounded by the
x-axis together with the characteristic curves x4 (t) (or ti(z)) given by

dry(t dt 1
x;:t( ) = +¢(f) < Cy, or equivalently, ?l:aix) = ic(@)'
It is easy to see that, for any (zg, %) with ¢y < 1,
|l‘2 — ZE1| < 2Cy. (4.11)

Integrating (L) over © and applying the divergence theorem, we have,

1
/ R%(z,ty(x dm+/ S2%(x,t_(2)) da 5/ (R*(z,0) + S*(2,0)) dz
1

+2//(S+R) d:z:dt—l—/ (S + R)J dzdt.
Q
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Using (4.9), (410) and (£I1]), one has, for £ small,
/ R%(x,t,(2) dx—i—/ S?%(x,t_(2))da
z1

1 T2 to (E+(t
<§/ [R*(z,0) + S%(z,0)] dm—i—/ / (S% + R?) dx dt

/ (S| + |R)|T| de dt (4.12)

< 1205k05+k1\/5/ / (11 4 |Rl) de d
0 Jz_(t)
<120 koe + k1 VE(2Cy)E (4CE koe)? = kye

3
where ky = 12koC + 2/2kok1C2.
Step 4. Consider now the forward characteristic piece z = I'(t) for ¢ € [0, 1] starting
from the origin, that is,

dr'(t)

— = c<9(F(t),t)), T(0) = 0.
We will show the singularity formation by tracking S(t) = S(I'(¢),t) along T'.

We know that
df(T'(t),t)

pn = R(T(¢),t).
Integrate this equation and use (£I12) to have

B(T (1), 1) — w4/ w<¢¢/R2
\// R2(z,t(z da;<\/C—L/xOR2(a:,t(a;))da:§ CIZE’

where without confusion we use t(z) to denote the characteristic I'(t). Recall that
c is C2. Thus, if € is small enough, one has
/ 9 P / 0*
We claim that before time ¢ = 1, if there is no break down of classical solution,
then S(I'(t),t) > 1. This will be proved by contradiction. Suppose that ¢, is the
first time such that

> 0. (4.13)

S(T(ty),ts) =1, (4.14)
while
S(T(t),t)) >1 for 0<t<t, <L (4.15)

Now we only consider T'(t) with 0 <t < t, < 1. Set S = es'S. By (£3), we have

/ /
Sy + ¢S, = C—e_%tgz — C—e%tR2 — 1e%tR _ 3t
4c 4c 2
Along the characteristic I'(t), we have
d - d d 1 11
_S>_——t52 §tR2—— §tR_ 2tJ
at” = 1’ 1c° 2° [R| = e J].
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Divide the above by S? and integrate to get

/(0% e / 1
L < Nl c(o )t*—l—/ . {C e2'R2 + ezt]R\—i-e;t]J]}dt
S(t) ~ 8(0)  8Cy 0 $2

< min {16(2*) ! ( )t*+k3\/gv

for some positive constant ks 1ndependent of € because of (412]), ([4.I5) and (£I0]),
where we also use (@I3) and [@7). If ¢ is small enough, one has S(t,) > e%, and
hence, S(t,) > 1, which contradicts to (£14]).

Hence, if there is no blowup before t = 1, then S(I'(¢),t)) > 1 for 0 < t < 1.

(4.16)

Step 5. Finally, we prove the breakdown of the solution. By the same calculation

as in (4.I0]),

1 o) )
51 = 16y 8Cy E+ ke

Therefore S(t) — oo will occur no later than the time when the right-hand side is

zZero or 1 8Ck
vks

t=-+ Ve <1,
2 d(6Y)

where the inequality holds when ¢ is small enough. This completes the proof of
Theorem [

N

AL

FIGURE 2. The first picture illustrates a one-sided cusp proved in
Theorem [1. The third picture illustrates a full cusp singularity.

We close this section with a remark on why the singularity is a cusp singularity.
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Remark 4.1. By (&0]), we know that the mazimum initial value of |R(z,0)| is of
O(e) order. It is easy to get that R will be bounded above in any O(1) time by
studying the Riccati equation (L2)), and using ¢ > 0 which can be proved similarly
as [@I3) when ¢ is small enough. Thus, at the point of blowup, one has

S =06;—cly =00, |R|=|0;+ | < constant,

which imply that 0; = oo and 0, = —oco. The singularity is typically one-sided cusp.
For carefully designed initial data, two opposite one-sided cusps might occur at the
same time and the same location to form a full cusp. See Figure [Z.

Together with the energy decay for smooth solutions, we know that the singularity
formed in finite time is a cusp singularity with derivatives |0,| and |0;| being infinity,
but the L? norms of which are finite. Hence 0 is Hélder continuous with exponent
1/2. By the estimate on vy in Lemma[31 and u, = vy —0,, we also know that u(-,t)
is Holder continuous with exponent 1/2 before and at the blowup.

5. A SEMILINEAR SYSTEM IN CHARACTERISTIC COORDINATES

As commented in Section [[.3] on the approach for global existence result, we will
rewrite system (2.I3]) into a semilinear system in characteristic coordinates.
For any smooth solution (u(z,t),6(z,t)) of (I]), the equations of the character-
istics are
dz*(s)
ds

= £c(0(z*(s), ), (5.1)

where, at time s,

zE(s) = a5 (s; x, t)
denote the forward and backward characteristics passing through the point (z,t),
respectively. Using the variables

S =0y —c(0)0y, R:=060;+c(0)0,,
defined in (4.I]), we introduce new coordinates (X,Y") by

7 (0;z,t)
X = X (x,t) ::/ (1+ R*(2,0))da,
1

Y =Y(x,t) = /1 (14 5%(2',0))dz’.

1 (0; z,t)

(5.2)

It is easy to check that X and Y are constants along backward and forward charac-
teristic, respectively; that is,

Xt —c(0)X, =0 and Y;+c(0)Y,=0. (5.3)

Here we use 1+ R? and 1+ 52 as the integrands in (5.2]) just for later convenience in
assigning the boundary data. One could choose other nonzero integrable functions
as the integrands. For any smooth function f, it follows from (5.2]) that

{ ft + C(e)fm = fX (Xt + C(H)Xx) + fY (}/t + C(H)Yx) = 2CXacny
ft - C(e)fm = fX (Xt - C(H)Xx) + fY (}/t - C(@)Yx) = _2CmeY-

In order to complete the system, we introduce several variables:

(5.4)

w = 2arctan R, z = 2arctan S, (5.5)
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and ) o
1+ R 1+
— ; = . 5-6
X, 1=y, (56)
Furthermore, set f =z and f =t in two equations in (5.4]) to get
c = 2cX,xyx, 1 = 2cX,tx,
(5.7)
—c = —2cYpry, 1 = —2cY,ty.
Using (5.5)) and (5.6)), it holds
1 1+ cosw ; 1 1+ cosw
€T = = = =
X T9x, P X7 2ex, 1 D
(5.8)
1 1+ cosz ; 1 1+cosz
€T = V— - = — = .
Y= 9y, 1 0 YT oy, 1c !
Then system ([2.I3]) can be written as follows.
sinw sin z
9X = b, HY = A q,
c
zx = f{% cos? — — cos? %) — sin w cos? % sin z cos? 5 4.J cos? ; cos? %},
wy = i{c— cos — cos? E) — sinwcos? 2 — sin z cos? — 4.J cos? 22 Gos? E},
4c L c 2 2 2 2 2
d 1
py = ]2)—{£ sin z — sinw) — 1 sin wsin z — sin? % cos? % — J sinw cos? E},
d 1
qx = @{Z(sinw —sinz) — 1 sin w sin z — sin® % cos? % — Jsin z cos® %}
(5.9)
where, recalling that,
S+R
J—ux+9t—ux+%. (5.10)

A derivation of the semilinear system (5.9)-(EI0) is given in Appendix [A2l It is a
special case of system (AI0) that is derived from (ZTJ).

Remark 5.1. We observe that the new system is invariant under translation by 2w
inw and z. Actually, it would be more precise to work with the variables b = ™
and 2 = e*. However, for simplicity we shall use the variables w, z, keeping in
mind that they range on the unit circle [—m, 1] with endpoints identified.

6. GLOBAL EXISTENCE AND ENERGY DECAY

In this section, we prove the global existence and energy decay in Theorem [l
Here by global existence, we mean that, for any T" > 0, there exists a solution for
te[0,T].

We will work on system (2.13) and accomplish the proof of Theorem [2] in three
steps. First, for any fixed J, we solve for # = 67 of the wave equation 213), with
v; replaced by J. Then, in the second step, substituting 67 into (213), and solving
for v = v/, we obtain a map from J to M(J) := v/, which is basically (B.15)-(B.16),
and then show this map has a fixed point, for a small time interval. Finally, we
prove the energy decay and extend the local existence result to a global one.
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Since we will use the Schauder fixed point theorem, we cannot achieve uniqueness
in this paper. As a consequence, the solutions obtained for ¢t € [0,7}] and for
t € [0,T5] with T5 > T} might not agree with each other for ¢t € [0,77]. Hence we
cannot claim an existence result for ¢ € [0,00). The uniqueness for the variational
wave equation was proved in [3]. So this might be a very interesting technique issue
which, hopefully, could be conquered later, although the method in this paper fails
to give a uniqueness.

6.1. Existence result for the wave equation with any given J. In this sub-
section, we first prove the existence of a weak solution for

O + 01 = c(0)(c(0)0y), — J(2,t) (6.1)
where J(x,t) is given for any (z,t) € R x RT, with
7]l conpenrz@p) =: J(T) < oo, (6.2)

where
Qr ={(z,t) |z € R, t € [0,T]}

for any T > 0. We fix an arbitrary time 7" > 0, and only prove the existence of
solution in ¢ € [0,T]. The equation (6.1I) comes from (213, with v; replaced by J.
In the rest of paper, we always assume that « is a constant such that

0< <1
a<

By the initial condition (3], there exist x4 and x, such that, 61(z), 6)(z) and
J(z,0) = ug(x) + 01(z) are small enough for x & (z4,2p), particularly, if Q% and
QP are domains of dependence with bases (—o00, 4] and [xp,00), respectively, then
solutions over Q¢ and QY will not blow up before time 7.

In fact, because J is in C* N L? N L™ with J(400,0) = 0, for any € > 0, when
xq and xp have sufficiently large magnitudes, |J(x,t)| < e for any = < z, or > x3
and 0 <t <T. Hence, one can find a priori bounds on gradient variables R and S
using equations (4.3)-(@.4]) and the initial smallness of R and S. The existence and
uniqueness for C'! solutions in domains of dependence Q% and Q° is a classical result
(see [29,130] together with equations (A3))-(Z£4)). One can also use the semilinear
equation method to find this unique solution. Note, when 7" increases, |z,| and |x|
may increase.

The solution of (6.1]) has a finite speed of propagation, so we can split the region
Qr into different domains of dependence. As described in Figure Bl and its caption,
now we only have to consider a characteristic triangle Q°, which, together with Q¢
and QP covers Qr.

Due to the assumption (L4)) that the wave speed ¢ has positive lower and upper
bounds, a time Ty, whose definition is clear from Figure Bl is finite.

6.1.1. Setup of the boundary value problem over Q° in the (X,Y)-coordinates. Now
we only have to consider the region Q° in Figure Bl

The key idea is to first construct the solution of semilinear system (5.9]) then
change it back to the original system. This idea was used for the variational wave
equation in [6]. The appearance of the source term J in our equation makes the
existence proof harder than that in [6]. In fact, we do not have uniform a priori
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Y

Mo (X,Y)
CROR R

(X, (X))

Xa! Xa Xp  Xp

FIGURE 3. Left: Q% and Qb are domains of dependence corresponding
to x < x4 and x > xy, respectively. When —zx, and xp are sufficiently
large, there will be no gradient blowup in Q% and QP before t = T.
00 is another characteristic triangle, which covers Qp together with
Q% and Q°. Right: region Q° on the (X,Y)-plane.

estimates for p and ¢ by directly using the semi-linear system (5.9) in the (X,Y)-
plane. Instead, we first establish the local existence for solutions in the (X,Y)-
coordinates then transform it to the (x,t)-coordinates. Next, we will prove the key
Lemmal[6.2] in which the L estimates for p and ¢ are given. This helps extend the
solution to t € [0,T].

Now we start from the boundary value problem on ©° in the (X,Y)-plane. The
system for this boundary value problem is given in (6.I) with J(z,t) given and
satisfying (6.2]).

The initial line ¢ = 0 in the (z,t)-plane is transformed to a parametric curve
To:={(X,Y): Y =p(X)} CR? (6.3)
in the (X,Y)-plane, where Y = ¢(X) if and only if there is = such that

T 0
X :/0 [1+ R%*(y,0)]dy and Y :/m [1+ S2%(y,0)] dy. (6.4)

The curve I'g is non-characteristic. The two functions X = X (z),Y = Y (z) are well-
defined and absolutely continuous. So ¢(X) is continuous and strictly decreasing
in X since X (x) is strictly increasing while Y () is strictly decreasing. From (L.2),

(L21) and (41)), it follows
| X +p(X)| <4€(0) < 00 (6.5)

As (z,t) ranges over the domain Q°, the corresponding variable (X,Y) ranges over
the set enclosed by one vertical line, one horizontal line and I'y, see Figure Bl With-
out loss of generality, we still use Q° to denote this region in the (X,Y)-plane.

Along the initial curve I'g in (6.3) parametrized by z — (X(z), Y(z)) using
(6.4), we can thus assign the boundary data 0,z @ € L> by their definitions in
(B3] evaluated at the initial data, and p = 1 and ¢ = 1 by (5.6]), where we also used
([L2). Therefore, it is easy to check that

/ 1—cosdeX_ 1_COSEdY§25(0).
To 4 4
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Finally, we denote
D = Distance between two vertices of Q° on T'y. (6.6)

Since the wave speed ¢ has positive lower and upper bounds, clearly, D is a constant
depending only on the initial condition.

6.1.2. Local existence of the boundary value problem in (X,Y") coordinates. Now we
first show a local existence result, by finding a fixed point of the map

(0,10, 2,p,4) = Ti(8,w, 2,p, q)

defined by the solution of (5.9)), more precisely,
Y

OXY) = 0x.6(x) + [ T Tar, (6.7)
o(x) 4
2X,Y) =2(o7H(Y),Y) + /X { ¢ (cos? W cos? E)
’ 7 ool () LA 2 2
— ﬁ(sinwcos2 % + sin z cos? %) — %J(a;p,tp) cos? % cos? 5 }(X Y)dX,
(6.8)
00Y) =X 600) + [ af oot —eost )
w(X,Y) =w(X, oo T cos” 5 — cos” 5
- i(sinw cos? % + sin z cos? %) - %J(xm, tym) cos? % cos? %}(X, Y)dY,
(6.9)
Y Jd
POCY) =p(X6C0) + [ pa { (sinz — sinw)
3¢
¢(X)
11 QoW 9% 1
26[4 sinw sin z + sin 5 cos 5] - 2—CJ(:Em,tm)smwcos 5 (X,Y)dY,
(6.10)
. X J
§Y) o™ (1)) + [ pq{8 (sinw — sin z)
¢=H(Y) ¢
1.1 9% oW 1
26[4 sinw sin z + sin 5 cos 5] — %J(a;p,tp) sin z cos® 5 (X,Y)dX,
(6.11)
where v
5(X,Y) =a(X, 00 + [ -, (6.12)
o) 4
- - - Y 14cosz
B(XY) =t (X)) + [ g, (6.13)
oX) e
_ Lo o X 1+cosw -~
T (X,Y) =2z(¢"(Y),Y) +/  ————pdX, (6.14)
=1 () 4
and
- Lo o X 1+cosw o
b (X, V) = 16~ (V), V) + / o Ldcosw % (6.15)
¢~ 1(Y) 4c
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Note that (zp,t,) and (x,,t,) come from different but equivalent equations
in (58). More importantly, such a choice makes sure that (z,,t,)(X,Y) and
(T, tm)(X,Y) have finite partial derivative in Y and X, respectively.

For brief, we set

V =(,w,z2p,q) and V= (8,2 pq),
and let

V(X) = (0,w,2,p,9)(X, (X))
denote the initial data.
Fix a constant K large to be determined later on (say Ki > 2|V (X)||censs).
Define the set

K1 = {VIVXYllganpeay) < K1 VX 6(X) = V(X)} (6.16)
where § > 0 is a constant and
Qs = {(X,Y) € Q% dist((X,Y),To) <3} (6.17)

Note that the space Ky is compact in CO(Qg), where 5 is a two dimensional
bounded connected region. We will apply the Schauder Fixed-Point Theorem to
show that, there exists 6 > 0, such that, the map 77 has a fixed point in the set ;.

The proof is standard and we will check the conditions for the theorem briefly.

For any local solution, when ¢ is small enough, it is easy to find uniform a priori
bounds on p and ¢ by corresponding equations in (5.9). We omit details here because
we will later give much stronger global a priori bounds on p and ¢, which will allow
us to extend the solution to a global one.

Since K is a compact set in C’O(Q(s) space, it suffices to show that the map 77 is
continuous under C° norm and maps K; to itself.

It follows directly from (6.7)-(G.II]) that the map 77 is continuous since J(z,t)
is continuous in z and ¢, and that 71(V)(X, ¢(X)) = V(X,¢(X)). Now recall that
J(x,t) is Holder continuous in z and ¢, and (zp,t,)(X,Y) and (2, tm)(X,Y) have
finite partial derivatives with respect to Y and X. By (6.7)-(@.I1]), if ¢ is small
enough, 71 maps K to itself. For example, py is bounded, so p is Lipschitz in the
Y direction. In the X direction, the C“ norm of p is different from the C“ norm of
p(X,9(X)) by C6 times ||V||canre for some constant C', where we use J(zy,,tm)
is Holder in (2, ty,), and (2, ty,) is Lipschitz in the X direction.

So, we claim that there is a fixed point for the map 77 in K.

Note that § depends on K; while K; can be determined by the a priori bound
on [[V(X,Y)||canree (o) Later, in Lemma[G.2, we provide the a priori bounds on p
and ¢ in Q°, by the map 77, and then we can find the C* bound on V as we just
discussed. Clearly, the L*>° bound on V is finite. So K; will be given by a constant
only depending on the initial data V. As a consequence, § is fixed with respect to
K. This allows one to apply the same procedure to extend the solution to Q0.

Remark 6.1. The equations of Ox and 0y are equivalent since it is easy to check that
Oxy = Oyx, as in [6]. The semilinear system ([B.9) are invariant under translation
by 27 in w and z. It would be more precise to work with the variables €™ and e**.
For simplicity, we shall use the variables w and z keeping in mind that they range
on the unit circle [—m, 1] with endpoints identified.
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6.1.3. Inverse transformation. Now we can carry out the inverse transformation
from the (X,Y)-coordinate to the (z,t)-coordinate. This step is very similar to the
one in [6]. Let’s only briefly introduce the key steps for completeness.

For convenience, we recall (0.8]) below

1 1+ cosw y 1 1+ cosw
€T = = = =
X7 oy, i P X7 ox, i P
(6.18)
1 1+ cosz y 1 1+ cosz
€T = = - = — = .
Y=oy, RS YT Ty, 4c 1

It is easy to check that
txy =tyx, TXY = TYX
using (6.I8]) and (5.9]), so two ¢ equations and two x equations in (6.I8]) are equiva-
lent, respectively. Hence, by (6.12)-(6.15]),
(@ms tm) = (Tp, tp) =1 (2,1)

And, (6.I8) provides an inverse transformation from the (X, Y)-coordinates to the
(x,t)-coordinates.

Next, we note that the map from (X,Y’) to (z,t) may not be one-to-one, since
(tx,zx) and (ty,zy) might vanish as singularity forms. But, if

a:(Xl,Yl) = LL’(XQ,YQ), t(Xl,Yl) = t(Xg,YQ),
then
Q(x(Xl,Yl),t(Xl,Yl)) = Q(x(XQ,YQ),t(XQ,Yg)),

and hence, the function 6(z,t) is well defined and

b4 dX dY = P4 cos? %0082 % dx dy. (6.19)

t —
dedt = T R+ 9 2

We omit the proof here and refer the readers to [6] for more details.

6.1.4. Global existence of (5.9). Now we extend the local solution of (5.9) estab-
lished in Section [6.1.21 to Q7. As we discussed, we only need some global a priori
bounds on p and ¢, which will be given in the next key lemma.

Lemma 6.2. Consider any solution of (5.9) constructed in the local existence result
up to the region Q°. Then, we have

0< A < X,Y), q(X,Y)} < A 6.20
1< max P Y), (XY} < 4y, (6.20)

for some constants Ay and Ay specified in the proof.

Proof. We consider a characteristic triangle ¥ in Q° enclosed by the line segment
between (X,Y) and (X, (X)), the line segment between (X,Y) and (¢~ 1(Y),Y),
and T'g. See Figure [dl If we denote equations of p and ¢ in (£.9) as

qx = Apq, py = Bpq,
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Y

Mo (X,Y)
(@7Y),Y)

(X, (X))

FIGURE 4. The domain X.

then p and ¢ are positive since p = ¢ = 1 on I'g. Furthermore, direct computation
using (5.9]) gives

| pax —adv == [[ ax+py axay
% b
://E%(sin%cosg+sin§cos%)2dXdY
pq L, . Sw 92\ 1o o
— — —)dXdY.
4—//E ZCJ(SIDZCOS 2+smwcos 2)d d

Thus, using p = ¢ = 1 on I'y again,

X Y
/ p(X,Y)dX + / (X, V) dV
1Y) (X)

=X - 'Y)4+Y —p(X) - // @(SinECOSE —I—SiHECOS%)2dXdY

2 2 2
—// g—cJ(smzcos2—+smwcos —)dXdY (6.21)
)
=X o '(V)+Y —p(X // pq tan—+tan2) cos? 3 szngdY
—// —2J(tan—+tan )00523005 —dXdY
» 2c 2
<X - YY)+Y —p(X // pq|J|2cos SQ%dXdY

<X - YY) +Y —p(X) +/ | dxdt
>

<2D+ J(T) (6.22)

where we use (€.2)), (6.6) and (6.19) in the last step. The constant J(T) is defined
in (6.2). Here ¥ denotes the characteristic triangle in the (z,¢) plane transformed
from .
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It then follows from py = Bpgq that

p(X,Y) < P18 JopxyaX Y ay' _ ¢sup | Bl (2D+T(T)).
where sup | B| also depending on J(T).
The other bounds in ([6.20) can be found similarly. O

6.1.5. Global existence for the wave equation. Finally, we show that 6(z,t) is a weak
solution for the wave equation (6.I]) in the (x,t)-plane for 0 <t < T, i.e. on Qrp.

We can prove the local Hélder continuity of # in both z and t with exponent
1/2 by showing that the integrals of (6; + c(0)0,)? and (6; — c¢(6)0,)? along forward
and backward characteristics, respectively, are bounded. Then using the Sobolev
embedding from H' to C'/2. Note we also use the property on wave speed c in
(L4). This also shows that all characteristic curves are C! with Hélder continuous
derivative. Finally, one can show that

J[ (0160~ (c0)0):c(6)6. ~ 016~ 30) dadt =0 (6.23)

for any test function ¢ on Q°. Applying this on the overlap domain Q*NQ° or Q°NOQY,
and by the uniqueness of C'* solution on Q% and Q°, we can glue solutions found on
three regions Q%, Q¥ and QU to get a solution 6(z,t) for (6.1), when ¢ € [0, 7], in the
weak sense of

T
/O /R (006 — (c(0)6)0c(0)0, — 016 — J ) dadt = 0 (6.24)

for ¢ € C§°{(z,t) € R x [0,T]}. Since the proofs of these results are very similar to
those in [6], we refer the readers to [6] for details.
Finally, for this part, we will prove that

B(t) = / 02+ 2(0)02)(, t)dz < Ci (6.25)
for a constant Cg depending on E(0) and J, where E(t) is first given in (4.8]).

For any 7 > 0, let I'; C Q% be the transformation of the horizontal line ¢t = 7
in the (z,t)-plane. We first consider the bounded domain Dy in the (X,Y")-plane in

FIGURE 5. The domain D; is enclosed by four curves with vertices A, B, C, D.
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Figure Bl where Dy is enclosed by two curves AB and C'D with
AB cCIyn 8Dt, CDcTlynoDy (626)

and two straight line-segments BC' and DA. Here we denote four vertices in (x,t)
coordinates as

A=(a,t), B=(bt), C=(c0), D=(d,0) (6.27)

for some a < b and d < ¢, respectively.
By Green’s theorem,

/ 1—coswde_1—coszqu
0Dy

4 4
) (6.28)
=1 //D [((1 —cosz)q)x + ((1 — cos w)p)y] dXdy.
t

Direct computation from (5.9) gives

(1 —cosz)g)x + ((1 — cosw)p)y
6.29
= —%(sin % cos % + sin % cos %)2 - %J(SiHZCOSQ % + sinw cos g) ( )

Substituting it into (6.28]), and using the transformation relation in (5.8]), the fol-
lowing inequality holds, where curves AB and DC have starting points A, D and
ending points B, C, respectively.
b
/ (07 + 2(0)02)(x, t) da
a

:/ 1—coswde+/ 1—coszqu
ABN(cos w#—1) 4 BAN(cos z#—1) 4

§/ 1—coswde_ 1—coszqu
AB

4 4
T T =
o 4 4 pa 4 (6.30)
1— 1
- [ gy = [ i eos ]+ sin cos ) axay
CB 4 4 D, € 2 2 2 2

1
——// @J(sinzcoszg—i—sinwcoﬁ E)anlY
4 Dy C 2 2

g/ 1_ﬂpd)(—1_ﬂqczy—2// efdxdt—z// 76, dzdt
pC 4 4 D D
:/ (02 4 *(0)62)(x,0) dx—2// efdxdt—z// JO; dxdt,

d D D

where we have used the following fact in the second last step:
‘O(X,Y)‘_ X, X 8 1 1
d(z,t) Y. Yi pql+coswl+cosz’
and D is the region in the (x,t)-plane transformed from D;. The last equal sign

holds since there exists no energy concentration initially using y(x) is absolutely
continuous.

= —2cX,Y, =
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If we let (a,b) goes to (—o0,00), then by ([6.30) we have, for any 0 < ¢t < T,

t 00
Blt) < E(0) +4/ / 1711604 dadt,
0 J—o0
and hence,

1 e 2
- <
5 Oréltzg%E(t) < E(0) +4CE/0 /_OO |J|* dxdt
for some constant C. and C. This gives (6.25]), and implies that 6;(-,¢) and 6,(-,t)
are both square integrable functions in z, so do R and S.

In summarize, we have

Lemma 6.3. Fiz any T > 0 and any function J(z,t) satisfying ([©2) over Qrp.
If the same assumptions on initial conditions in Theorem [ hold, then there exists
a weak solution of (6. over Qr with bounded energy E(t) < Cg for some Cg
depending on E(0) and J.

6.2. A map from J(z,t) to J(X,Y). Using similar method as in Lemmas 1
and 2 in [3] for variational wave equation (i.e. (6.1 with J = 0), we can show
that the uniqueness of forward and backward characteristics for equation (6.),
i.e. the uniqueness of the (X,Y) coordinates. Hence (x,(X,Y),t,(X,Y)) =
(2p(X,Y),t,(X,Y)) is unique. As a consequence, for any given J(z,t) € C* N
L? N L™, solution we found previously satisfies the semilinear system (5.9) with a
unique source term J(X,Y) = J(z(X,Y),t(X,Y)).

Clearly J(X,Y) is L®. In fact, for any given J(X,Y) € L™, the semilinear
system (B.9) has a unique solution obtained as the fixed point of a contract mapping
in a weighted L space, in the same way as the proof in [2]. As a consequence,
we know that the solution (z,t¢,0,w, z,p,q)(X,Y") of the semilinear system (59 is
continuously dependent on J in the L space, due to the uniform bounds on p and
g and the relation (5.8]). The proof is straightforward and we omit the detail.

Remark 6.4. The main idea in [3] for the variational wave equation is to find some
Lipschitz weighted distance between any two characteristics. This distance essen-
tially measures the forward and backward energy between two characteristics. The
Lipschitz property protects the uniqueness of characteristics. By adding J(z,t) €
C*NL2NL>®, there will be some new lower order terms —2SJ and —2RJ in the en-
ergy balance laws (A.8)). This will not cause any problem since S, R, .J are all in L2.
The appearance of damping term never makes trouble here. Since this uniqueness
result can be shown in a very similar way as in [3], we omit the proof here.

Remark 6.5. The (X,Y)-coordinates system is ideal for the wave equation but it
is not the case for the heat equation. The original (x,t)-coordinates system works
better for the heat equation. So we run our proof mainly in the (x,t)-coordinates
system and use the continuous dependence of solution on J in the (X,Y)-coordinates
system. ~

From J(z,t) to J(X,Y), there is actually an unfolding process when singularity
forms, i.e. when characteristics tangentially touch each other.

6.3. A fixed point argument for a map on J. Recall that, for any given function
J(z,t) € (CYNL>®NL2)(Qr), there exists a weak solution 0(x,t) = 67 (x,t) of (G.1)).
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Using relations (8.16]) and (B.15]), we define a function M(J) on Qr as follows
M) = [ Hlo = 50t) (ah(0) + 1(0) dy
t
+ / / H(z — gt — 5)[20, + ¢(0)c(0)(6,)%] (4, 5)dyds  (6.31)
0 Jr

N / / Hy(z —y,t — s)[c*(0)0, — u](y, s) dyds
o JR

for t € [0,T] and

u(z,t) = /]R H(x —y,t)up(y) dy + /0 /RHm(x —y,t — 5)0s(y, s) dyds. (6.32)

This gives a map
T J(z,t) = M(J)(x,t) (6.33)

on C®N L>® N L*Qr).
Initially, we define a set K as follows: for some constants § and K,

K ={J(t)] |1J(z,t) = J°(x,t)l|canronrziy) < K, J(x,0) =01 (z) + ug(x) }
(6.34)
where

1z, t) = / H(x — y.t) (uy(y) + 6:(1)) dy
R

and
Qs = {(z,t) |z € R, t €]0,4]}.

The goal in this subsection is first to show, for a given large K, if § is suffi-
ciently small, then 7 has a fixed point on K. In general, § would depend on K.
Later, after proving the energy estimate in Theorem B, we will establish a uni-
form bound on £(t) and we will be able to choose K as the a priori bound on
17 (2, t) = JO(2, )l cenreonr2(0;), Which depends only on the initial data. As a con-
sequence, 6 > 0 can be fixed in terms of the initial data. Hence, one can extend the
existence to )7 in finite step.

The existence of a fixed point for small § will be accomplished in several steps.

(i). As before, we consider the far field separately, where the solution of forced wave
equation is smooth due to finite propagation.

At time t = 0, J(z,0) = 61 (x) + uj(z) for any function J in K. Furthermore, all
functions in K have uniform C%, L> and L? bounds. So by a very similar argument
as in the beginning of Section [6.1], we can find a domain Q° as in Figure [3] such that
for any function J, the corresponding 6”7, solved by the forced wave equation, has
no singularity in the region Q7/Q°. Note that the solution 7 solved by the forced
wave equation is finitely propagating.

The choose of Q2° depends on both T and K.
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(ii). To apply the Schauder Fixed-Point Theorem, we use the following Banach

space L*, which includes all functions f in (1  LP with a finite norm
pE[2+0,00)

/]

@) =  sup | fllze(a,) < oo
pE[2+0,00)

Here o is any given positive constant. It is easy to check that L* is a Banach
space. Clearly, K C L* and is bounded, since for any f € IC,

[flle < max(|[f]|r2, [Ifll=) < K, p€[2+0,00). (6.35)
This can be easily proved by the Holder inequality.
Claim: K is a compact set in L*.

We divide the proof of the claim into two steps.
Step 1: We use Frechet-Kolmogorov theorem ([7,[37]) to prove that K is a compact
subset of LP(Qg) for any p € [2 + 0, 00).

We can verify two conditions in Frechet-Kolmogorov theorem as following. For
any p € [2+4 0,00) and f € K,

</05/R|f(x+a,t+b)—f(x,t)|pdxdt)’1’

g 1
< |If(x +a,t+b) —f(x,t)”lLoo(/O /R‘f(x—i_a’t—i_b) —f(l',t)’p(l_l) dwdt)

where p(1 — ) > 2. Because f has a uniformly bounded C* N L> N L? norm,
1 f(z 4+ a) — f(a)||Lr(qy) uniformly approaches zero as a — 0 in K.

By the same argument as in paragraphs (i), for any €, there exists a constant
ro > 0 such that, if r > 7o, then J(z,t) is less than € for any x > r, 0 <t < 4. So

) )
/ / PP dedt < / / FPOD dedt < P (masc{| £l 2. 1] e PO,
0 Jlz|>r 0 JR

with p(1 — 1) > 2. This shows the uniform convergence of fg f| |f|P dxdt as r
goes to oo.
It follows from Frechet-Kolmogorov theorem that K is a compact subset in LP(€5)

with p € [2 + 0, 00).
Step 2: We show that I is a compact subset in L*.

z|>r

In fact, for any bounded set in K, we can find a convergent sequence f.! in L*+.
Then in f!, we can find a convergent sub-sequence f2 converging in L3, then until
any L". Now we claim f}' converges in L*. Clearly, all sub-sequences converge to
the same function f* in a.e. sense. Furthermore, since f € I, one has || f||zr < K
for p € [2+ 0,00) by ([635]). Therefore, ||f*||Lr < K for p € [2+ 0,00), and hence,
f* e L* with ||f*||z < K. The compactness proof is done, which completes the
proof of the claim.
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(iii). To use the Schauder Fixed-Point Theorem for 7 on K, we have to prove:
(a). The map 7 maps from K to itself, for a small time interval (0, J).
(b). The map T is continuous under the L* norm.
Proof of (a). First we show that [|M(J)(X,Y)| peenr2(0,) < K. In fact, it is easy to

show that the super norm of u defined in (6.32]) is bounded. Then by the L? bound
of #; in ([6.25]) and using a similar argument as in Lemma 3.l we can show that

M) (@, t) = T D)l o) < C - 63 < K

for § small enough, where C is a constant.
Now we treat the L2 norm of M(J). By (6:32), it is easy to see that u(z,t) is a
weak solution of

Up — Uzg = Oy (636)
Similarly, by (@31]), M(J)(x,t) is a weak solution of
My — Mgy = c(0)(c(0)0z)r — uy — 26, (6.37)

where the calculation is very similar to (3.4)-(B.8). Then by same arguments as in
Lemma [3.1] and using (625]), we know

| M), t) = T, )l 2oy < C- 01 < K

if 6 is small. Here, as before, we get use of the t*/4 power in Lemma 311
Finally, if § is small, the estimate

M) (x,t) — Jo(x7t)‘|ca(95) <C- 51" <K

when ¢ is small enough, can be derived directly from Lemmal[A.1lin Appendix[A.3l

Proof of (b). First recall (6, z,w, p,q,z,t)(X,Y) is Lipschitz continuously dependent
on J(X,Y) in the L distance, as discussed in the previous section.

Note, all integrals in M can be written as “nice” equations using 0, z, w, p, q, x,t
and (6.19]). For example,

2// H(x —y,t — s)0s(y, s)dyds = //ﬁi—g(sinwcos2 % — sin z cos? %)dXdY,

where
H=H(z—y(X,Y),t - s(X,Y)).

So the continuity of M in super norm can be proved by the Lipschitz continuous
dependence of (6, z,w,p,q,z,t)(X,Y ) on J in the L> distance.

Clearly, the L*° and L* norm are different in the whole domain, but they are the
same in any bounded domain. Thanks to the finite propagation property for (6.1]),
we can split the region into Q° and the rest, where for any J(x,t) € K, singularity
only happens on QY. The continuity of M(J) on J is clear for smooth solutions on
Q/QY. One can use both L? and L norms estimate to cover the L* space. In Q°,
we know that

HJQ — JlHLOO = lim HJQ — J1HLp < HJQ — Jl”L*-
p—00

Hence, we proved (b).
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Therefore, by (a) and (b), an application of the Schauder Fixed-Point Theorem
gives a fixed point J*(z,t) € K of T, that is,

M(T) (i, t) = J*(, 1) (6.38)

Finally, let’s fix J = J* in (638]). Then for any 0 < t < ¢, by previous results,
we know that,

0:(-,1), 0.(-,t) € L*(R) and u, J € L= N L*R x [0,4]), (6.39)
and by applying standard heat equation theory to (6.30]),
u € L*([0,9], H'(R)), wu; € L*([0,9], H ' (R)).
Furthermore, from
v = /x udz,

Ut — Vg = O,
in the L? sense by (6.36]), which means for any test function ¢ € C5°(R x [0, d]),

// v dadt = //(vm + 0o dxdt = //(uz + 6;)¢ dadt, (6.40)

where this and also the following integrals are all on R x [0,4]. By (6.24]), we also

know that
// O ppdxdt = // 0)0, + 01 + Jp) dxdt. (6.41)

Now we are ready to show that

one has

J =1, a.e.

First notice that for any test function ¢ € C§°(R X [0,0]), there exist a function
1 € C§°(R x [0,0]) such that

In fact, ¥ can be found by first solving (6.42]) with an initial boundary value problem
with zero boundary conditions on some bounded interval containing the support of

¢, then doing an zero extension. By (6.40) and (6.41]),

// vy dadt = //(Um + 0,)y dadt
// Oppydadt = // 0)0, + 011) + J) dxdt.

Add above two equations up to get

// V(Y + Vo) drdt = // 0)0, + 04) + J) dadt.

Furthermore, by (6.37]) we mean that

/ / (Y1 + 1paz) dadt = / / 0)0, + ugth + 204)) dadt.

and
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Now comparing the above two equations, and using (6.40]) and (6.42)), we have

/ / (J —v)¢ dudt = 0, (6.43)

which shows that J = v, a.e., and

/ / J¢ dadt = / / (ug + 0,)p dadt, (6.44)

The equation ([LI9)) is satisfied due to (6.41]) and (6.43)).
Finally, it follows from (6.44]), (639]) and (6.25)) that

u:c(xa t) € LOO([Ov 6]7 L?OC(R))’

The Hélder continuous properties of u and 6 in Theorem [2] can be easily shown by
the Sobolev embedding from H lloc to C/2 in one space dimension.

6.4. Energy Estimate. We now prove the energy estimate for the weak solution
established in Section [6.3] which provides the energy estimate in Theorem [2] and
allows an extension of the solution to [0, 7.

Theorem 3. Fiz T > 0. For any weak solution of system (1)) constructed in
Section[6.3, one has, fort € [0,T],

£(t) < £(0) / /R g+ 0D (6.45)

Proof. We first consider the bounded domain D, in the (X,Y)-plane in Figure 5,
and using the corresponding notation ([6.20)-(6.27). Recall that D is the region in
the (z,t)-plane transformed from D;.

We start our proof from inequality (6.30), where J in the last integral can be
replaced by vy, that is,

Cc

/ 62 + 20002 (1) do < / (02 + 2(0)62)(x, 0) da
a d (6.46)

—2// thd:z:dt—Z// veb; dadt.
D D

By (6.44)) and the discussion in Section [6.3] we know J = v; = vy, + 0 holds true
in the L%(R x [0,77]) sense. Thus,

// 0y dadt = // (vf — Vg vy) dadt, (6.47)
D D

where vy, 0y, vy € L?(D). Integrating by parts, the second term becomes

VUt VUt
- v vd:ndt://vv d:Edt—l—/ x ds—/ ds
//D vt p o AD V142 cB V1+¢c?

1 [t 1 /¢
:—/ ]vx\2(az,t)daz——/ oo |(,0) dar (6.48)
2 a 2 d
t

— vpvg ) (2T (1), — t’UtUx x (1),
/O< (ot (1), 1) dt /0< @ (), 1) dt
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where 27 (t) and z~ (¢) are characteristic DA and CB respectively. Substitute this
identity into (6.47) to get

I I
// ve0y dzdt :// v? dxdt + —/ u?(z,t) dx — —/ u?(z,0) dx
D D 2 Ja 2 Ja

t t (6.49)
_ / () (2 (1), £) dt — / (vps) (@~ (1), 1) di.
0 0

Because v; is uniformly bounded and v, = u € L?,

—/ (vpvz) (zF (1), 1) dt—/ (vpvg)(x™ (¢),t)dt — 0 as (a,b) — (—o0,00).
0 0

Taking (a,b) = (—00,00) (so (d,¢) = (—00,00) too) in ([6.46) and (6.49), we have
// (v? + 62) dxdt. (6.50)

Rx[0,t]
This completes the proof. O

By Lemma[3.1], we know that the time step ¢ only depends on the bound of £(¢) in
(625]). The previous theorem gives an a priori bound on &(t), which only depends on
the initial condition. By this piece of information, we know ¢ is uniformly positive,
so one can obtain a solution on [0,77] in finite many time steps. Alternatively, one
can choose K larger than the a priori bound on [|J(z,t) — J%(x,t)|lcanreonrz(0p)
only depending on the initial data, then directly find the fixed point for ¢ € [0, T].
Here there seems to be repetition in our presentation from local to global existence.
We feel this might be helpful for the readers to understand the ideas for this involved
proof. This completes the proof of Theorem

Remark 6.6. If the solution has no energy concentration at time tq, i.e. cosw and
cos z are not —1 or equivalently 0; and 0, both have no blowup at ty, then for any
lo 2> 11,

Elty) < E(tr) — /t N /R (02 + 02) dudt. (6.51)

In fact, one can still prove it using the same method in the last theorem.

Howewver, if solution has energy concentration at time t1, (6.51) might not be true,
because some energy might be later released from concentration. In this case, one
cannot get the last step of ([6.30]), where

/ 1—coswde_ 1—coszqu
DC 4 4

>/ 1—coswde+/ 1—coszqu
DCN(cos w#—1) 4 CDN(cos z#—1) 4

1
:/d S (03 + (0)0)(x, 1) da,

with DC' on the curve t = t7.
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APPENDIX A.

A.1. Derivation of system (21I). We consider the following form of solutions to

the system (LI0)
u(z,t) = (0,0,u(x, 1)’ and n(z,t) = (sin6(z,t),0,cos 9(:E,75))T.

It is easy to see that V- u(z,f) =0, and u-Vu =u-Vn = u-Vn = 0. Direct
computation implies

1 1 0 0 wuy
D==-(Vu+Viu)y==10 0 0 |,
2 2
u; 0 0
1 1 0 0 —u,
wzi(Vu—VTu):i 0 0 O ,
u; 0 0
sin? 6 0 sinfcosf
nn= 0 0 0
sinfcosf 0 cos? 0
Then
N=n-wn= <9t + %ux> (cos 0,0, — sin9)T,
1 [ sinfcosf 0 cos? 6 ]
N®n:<0t+—ux> 0 0 0 ,
2 i —sin?6 0 —sinfcosf |
1 [ sinfcosf 0 —sin’6
n®N:<9t+—ux> 0 0 0
i cos? 0 —sinfcosf |
And also
1 . T
Dn = iux(cos 0,0, sin 9) ,
n” Dn = u, cosfsin b,
1 [ sinfcosf 0O cos?f |
Dn®n=-u, 0 0 0 ,
2 i sin® 6 0 sinfcosf |
1 [ sin@cosf 0 sin? ]
n®Dn=—-u, 0 0 0
2 i cos? 6 0 sinfcosf |
Hence

g =71N +72D0n
) 1 .
zylet(cos 0,0, —sin H)T + §um ((71 + 7v2) c0s 6,0, (2 — 1) sin H)T.

Since the last term in Oseen-Frank energy density is null Lagrangian term, without
loss of generalization, we only compute the first three terms. The Oseen-Frank
energy density of this case will be

W(n,Vn) = K;(n;)? + K3((n'nl)? + (n'n?)?) = %95 (K1cos? 0 + Kysin®0),
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where n’ is the i-th component of n. Thus

ow 2 . T

n (Kg@w s1n9,0,0) ,
oW K10, cosf + K36, sin?6cosf 0 0
Son 0 0 0
n — K36, sin®0 00

The Lagrangian constant

7= on oVn
=(K1 + 2K3)9920 sin? @ — K160, sin 6 cos 6 + Yo, sin 0 cos 6 — |0t|2.

We are ready to derive the system (2.I)). We first work on the equation of §. By the
third equation of (LI0]), we have

Ny zﬁtt(cos 0,0, — sin H)T + |0t|2( —sin#, 0, — cos 9)T

T o 8 ovn

=_ |0t|2(sin 0,0, cos 9)T — ’71915((308 0,0, —sin 9)T 4+ u,T1 4+ K1To + K3T3.
Then

a—I/V-n+72Dn-n—V-<6VV>-n—|nt|2

(O + 71915)(005 6,0, — sin H)T =u,T1+ KTy + K3T5. (A.1)

Here the vector T is given by
T 1
2
— %(COS 0,0, — sin@)T + %(2sin2 0 cosf — cos b, 0,2sin b cos® 6§ — sin@)T

T =7, sinf cos 9( sinf, 0, cos 9) ((71 + 7v2) c0s 6,0, (2 — 1) sin G)T

= <—% — % cos(29)) (cos6,0,—sin H)T.
(A.2)
The nonzero components of vector T is given by
T3 =602sin®0 — 0,,sin? 6O cosf + (0, cosh),
= —sin? (0, cos ), + (0, cosB), = cos® B0, cos b)),
T3 =602 sin? 6 cos § — 6, sin @ cos® § = — sin 6 cos (6, cos 0),.
So the vector Ty is
Ty = cos 0(6; cos 0),(cos b, 0, — sin H)T. (A.3)
Similarly, the vector Tj is
T3 = sin (6, sin ), (cos 6,0, — sin H)T. (A.4)
Plugging (A.2)), (A.3) and (A.4) into (A1), we obtain

O + 10 = Ky cos0(0, cos ), + K3sinf(0,sinf), + (—— - = cos(29)> Uy,

which is exactly the second equation in (2.1]).
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For the equation of u, direct computation gives

ow . T
V- <8V—n ® Vn) = (K162 cos® 0), + (K302 sin6),,0,0)
and

V.o =a ((um sin® 6 cos 0),0, (uy sin? 6 cos? H)w)T

T
+ ag <((9t + %uz) sin 6 cos H)x,o, —((et + %Um) sin2 9)90)

T

+ a3 <((9t + %ux) sinf cos ) ,0, ((6; + %Ux) cos? 9)x>

(7] T (673 X o T
+ 7(0,0,%@) + ?((ux sin 0 cos 0),, 0, (u, sin H)x)
+ % ((uw sin @ cos ), 0, (u, cos® G)m)T,

Therefore the first equation of system (LI0) can be written into following three
equations

P, =K (02 cos? 0), + K3(02sin?0), + a;(uy sin® 0 cos ),

+ % (a + a3 + a5 + ag) (ug sin 0 cos 0), + (ag + az) (0 sind cos 0) (4.5)

P, =0, (A.6)

uy + P. :%um + a1 (ug sin® 6 cos? 0),, — Oég((@t + %ux) sin? H)x o
+ asg((6: + %ux) cos’ )+ %(uz sin?6), + %(uz cos?6),. A7

By these equations, one can obtain that P, = a for some constant a. The right hand
side of (A7) can be rewritten as (g(6)uy + h(0)0;), where g(0) and h(f) is defined
as (22). Therefore, we obtain the first equation of (2.1]).

A.2. Derivation of system (5.9). We will in fact derive the semilinear system in
XY-coordinates for ([2.1I)) with v = p = 1 and a = 0. Recall, from (5.5]) and (5.6,
that we have introduced

1+ R? 1+ 82
w = 2arctan R, z=2arctanS, p= ;x , = — ;x .
It is easy to have that
w R 1. 1 9 W
R:tang, 71+R2:§smw, 71+R2:COS X
z S 1 . 1 9 %
S:tan§, 71+522581nz, 1+S2:COS 3
By (54]) and (£2)), we have
sin w sin 2z
Ox = Oy =
X 1 POy e

Denote
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By ([{2), we have

{ () +c(0)(5%)e = 5:(5° — R2S) —71(RS + 8°) — 25U, (A.8)
(R, — c(0)(R?), = £(R?—RS?) —(RS+ R?) —2RU, ‘
SO
($)x = gprim{5(S® — F2S) — (RS + 5?) — 25U}, o)
(R)y = horie{$ (R~ RS?) — (RS + R?) - 2RU }.
Hence,
X = 1+s2 5(5%)x
2cpm{ (52 Rz)—’Yl(R+S)—2U}
_p{462 (cos? g - cos? 2) - Z (sin w cos? Z =+ sin z cos? ) — cos2 : cos? ’é’U}
Similarly,
wy = q{%(cos2 Z —cos? %) — L(sinwcos? £ + sin z cos® L) — cos2 Z cos? g’U}
On the other hand, using X; — ¢X, = 0, we have
c/
Xio = X = 3-(R = )X,
Then
Py :XL(R2) qCOQSc 2 14)_(}522 (X:(:t - CXxZ‘)
B e { $(R® — RS?) — (RS + R?) — 2RU | — D& =8
B ey L5 (- R~ RS%) — (RS + R*) — 2RU} + B8 o5
:pq@(smz —sinw) — ylgq[}l sin wsin z + sin? 5 cos? 2] - BUsinw cos? :.
Similarly, we have
gx = pq8£c/g(sinw —sinz) — 1 52 [4 sinw sin z + sin? 2 5 cos? 5] - Usmzcos2 5.

In summary, we have the following system of equations.

HX = Slérllcwp7 9Y = Siél%q
X = { cc/ (COS2 — cos® 2) (Slnwcos2 5 + sin z cos? %) % 052 z Z cog2 ng}
= q{%(cos 2 —cos? %) — L(sinwcos? £ + sin z cos® L) — % 0s? 2 cos? %’U}
py = pas (sin = — sinw) — B[} sinwsinz + sin? ¥ cos? 5] — KU sinweos? §
= pq@(smw —sinz) —m %& sinwsin z + sin® 5 Z cos? Ui —Usmzcos2 3
where recall that U = h( Vg

Denote J = g(0)u, + h(0 ) .. Then

h(0

v="90_no
9(9)
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In terms of the variable .J, the above system is

sin w sin z

c  4e

4
d 2 w g((Q) —n 2w h(0) 22 2w
zX:p{4—2‘(COS Y —cos? %)+ (sinw cos? £ + sin z cos® £) — (@7 cos™ 5 cos 7}

h2<e)

—gd < 2z _ g0y — M 2wy _ h(9) 2z 2w
wy—q{4C (cos? £ — cos? &) + L0 (sinw cos? £ + sin z cos® %) cg(@y” cos” 5 cos” 3
1h2(6)
" (si i FIONES! 2z h(6) .
Py = pq{gc2 (sinz — sinw) + 42— (3 sinwsin z + sin® ¥ cos? ) — 5090 )Jsmwcos :
r2(0) " o)
gx = pq{ >(sinw — sin z) + 9(9)20 (% sinwsin z + sin? £ cos? &) — 209(0)Jsinz0052 %}
(A.10)

where the coefficient (( )) v < 0 by 2II).
For the special case where 73 = 2, 79 = 0 and g(6) = h(0) = 1, system (A.10)
reduces to system (5.9]).

A.3. Holder continuity of M(J) in §6.3l First, we consider three types of inte-
grals in the definition of J in (6.31]),

L) = [ G =) f(0)dy
Lii(x,t) := /0 /RH(x —y,t —8)g(y, s) dyds

t
Listwt) i= [ [ Holo—y.t = 9)f(0.5) dyds.
0 JR
We first prove the following lemma working generally.

Lemma A.L. If f(x,t) € L([0,T], I2(R)), g(x,t) € L=((0, T}, L*(R)) or g(a,?) €
L>([0,T], L*(R)) we have Lj(x,t) is Holder continuous w.r.t x and t, for all j =
i,11, 141, with exponent 8 € (0, %)

Proof. We only provide the proof of Holder continuity w.r.t = for L;;;, the rest cases
can be proved similarly. For any x1 < z9, it is sufficient to show

N»—'
wlm

< Constant - t ,
(A.11)

t/ Hy(xzo —y,t —s) — Hy(x1 —y,t — s)

(2 —11)? f(y, s)dyds

for some € (0,1). Since

1 =z z2
Hy(z,t) = RN exp <_4_t> ;
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Hy(xq —y,t —s)— Hy(x1 —y,t — s)
_ 1 1 (22 —y)?
= e e ()

— (z1—v) {exp <—%> —OXP <_%>] }
=1 + Is.

The integral related to the first term I; can be estimated as follows

/Ot /]R W(azz — xl)l—ﬁ exp (—%) |f (v, s)| dyds

<C /Ot /R m (\xz —y'* P |y — y’l—d> exp (—%) | (y, s)| dyds.
(A.12)

By the same argument in (3.9]), and choosing 0 < § < %, the first term in (A.12])
should be controlled by

2
To —y 1.8
[ [ —stoast = e (<5220 ity s < 021l o
(A.13)
For the second term in (A.12)

1B (z2—y)?
// wm Mem(377)M@m@
|1 — y[20-9) <x2— 2 P\
C</ / t—39/4 57 exp dyds t—s)3/4+5/2 dyds
1
[Vt = sul(1=) u2 —x t [y, s)? 2
C’(/ / t—s7/4 573 exp \/_Su duds (t—s)3/4+5/2 dyds

1
Ju =% T2 a1y t f(y,s)? ?
<C<// t_83/4+5/2exp t—s duds (t—s)3/4+5/2dyds

gC%Z‘?HfHLw«mTLL%RD’

IN

IN

(A.14)
where x1 — y = uy/t — s, and

oo (i) e ()

— exp (_ (22(75—_95;))2> exp (_2(a:2 ;(9;1_)(;1 — y)> exp <_(§(1t__‘?)2> |
Putting (AT3]) and (A14) into (A12), it holds
[ [t oo (<G g

1_8
< Cti72 || fll oo 0,1),L2(R)) -
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On the other hand, by mean value theorem, there exists a £ € (x1,x2) such that
(wg—y)? (w1 —9)* (e—y)? f Y _ (z1-y)? 1 —y

e_ 4(t—s) — e_ 4(t—s) — — e_ 4(,5,8) To — T < e s

Hence for the term related to Is, it holds

t T — 2 o 5
/0 /R (t _18)3/2 ( ;_ i/) (22 — 21) P exp (—%) |f(y, s)| dyds

P . . (@1 - v)?
SC/O /R t—s)32 t—s <|332 —y P+ =y B) exp <4(t$)>(§i§) dyds.

The second term is similar to ([3.9) and (A13))

2
T1—Y 1_8
/ / 5/2\ 1—y* P exp <—7(4(t_3)) > |f(y,s)| dyds < Cta™2 || f oo (0,7),L2(R))-
(A.17)
For the first term, one has

t 1 2 . e
/0 /ug(t—s)3/2( i_g) 22 — y|" P exp (—(4(1]57_‘?)> fly,s)dyds

t |9 — y’2(1—5) (z1 — y)4 (z1 — y)2 !f (.5 1
<C </0 R (t— 8)%/4=d/2 (t — 5)2 exp <— 20— 5) > dyds (/ / — 3/4+6/2 dyds) :

(A.18)

Let o — y = v/t — su. Then it holds
u[20-D) (1 — 29 + VT — su)? (x1 — 22 + VT — su)?
exp | — duds

(t — 5)3/4+6/2 (t —s)2 20t —»)
[u[20=F) (2 — 29)* + (VT — su)? (21 — 22 + v — su)?
<C/ / t—s) 3/4+B/2 (t —s)2 exp <— 20— 5) (Z ;i:)ds.

It is easy to see

o (L)

o () o () ()
<o (-4 - 22,
Hence

21— B — 2
// ’u‘ u4exp<—(x1 T2t VI Su))duds

\u’2 s W2 (21— o)u w
/ / t—S 3/4+5/2U exp _E_ﬁ duds < Ct1 2,

(A.20)
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/ / |u[20=P) (2 — x9)* exp (_ (1 — 22+ \/mu)2> duds

t — 5)3/4+B/2 (t — 5)2 20t —5)
‘U’Q (1-8) (xl — 1’2)4 (551 o $2)2 U2 (.Z'l _ x2)u
/ / e (=2 P\ ea—s) )P\ T s )
WPOD w2 (o - au N
// t—s3/4+6/2u exp _7_ﬁ duds < Cti™ =z,

Putting (A.20) and (A.21]) into (A.19), we obtain
/ / lu[20=9 () — z9 + /T — su)* < (1 — 22+t — su)2>
exp | — duds

t — 5)3/4+B/2 (t —s)? 2(t —s)

(NI

(A.21)

<Ctis.

(A.22)

Combining (A.22)) with (A.17) and (A.IS), we have

Cr @y ] (51— y)
| <x2—$1>lﬂexp<— i )>|f<y, vds

1_B8
< Cta™2 || fll oo 0,7),L2(R)) -

It is easy to see that (A.15) and (A.23]) imply (A.24]).

Similarly, we can show the Holder continuity of for L;; in ¢t , and
tr Hy(xo —y,t—s)— Hy(xy —y,t —s
/ / i ) %( ) f(y,5)dyds
0o Jr (ta —t1)
The proof of Holder continuity for other terms are similar, and all bounds include
a factor t15. O

<cti P (A24)
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